ON MULTIFORM SOLUTIONS OF LINEAR DIFFERENTIAL EQUA- 
TIONS HAVING ELLIPTIC FUNCTION COEFFICIENTS* 


BY 


WILSON LEE MISER 


1. IntRopUCTION 


The researches of Hermite! on Lamé’s equation called first attention to the 
class of linear differential equations having elliptic function coefficients. Hav- 
ing written the equation in the form used by Lamé, 


[n(n +1)ksn2t + 


where snt denotes the ordinary sine amplitude function of modulus k, n a 
positive integer, and h any constant, he showed that its fundamental set of 
solutions consisted of uniform doubly-periodic functions of the second kind. 
He defined a uniform function F(t) as a doubly-periodic function of the 
second kind with the periods 2w and 2w’ in case it satisfied the two relations 


F(t+2w)=pF(t), F(t+20') =p’ F(t), 


p and yp’ being constants. 

The investigation of the class of linear differential equations having elliptic 
function coefficients, but restricted to have only uniform solutions in the 
vicinity of all the poles, was systematically begun by Picard? who showed 
that, in general, the solutions of such equations are linear combinations of 
uniform doubly-periodic functions of the second kind. In a supplementary 
note to Picard’s paper, Mittag-Leffler* pointed out the theorem, which is now 
known by Picard’s name, to the effect that, in all cases in which all the solutions 
are uniform, there is at least one solution which is a uniform doubly-periodic 
function of the second kind. In making his assumption that the solutions 
shall all be uniform in the neighborhood of all the poles, he supposed that the 
poles of the coefficients of the differential equations were of such orders that 
they should all be singular points of determination for the solutions. Neces- 


a Presented to the Society, March 21, 1913. 
1 The numbers refer to the bibliography at the end of this paper. 
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sary and sufficient conditions are known that all the solutions shall be uniform 
in the vicinity of such a singular point. 

Since Picard many writers have treated the class of linear differential 
equations having elliptic function coefficients, some of them making studies 
of the solutions of certain particular equations. A list of their treatises and 
memoirs is given in the bibliography at the end of this paper. Among the 
most important of the memoirs are those by Floquet,® Stenberg,'? Plemelj,’® 
and Mercer.”° 

There are two directions in which Mercer in his paper makes his problem 
less restricted than that considered by all earlier writers. In the first place 
he does not limit himself to the case in which the coefficients are mere elliptic 
functions, but adopts the wider condition that the coefficients shall have for 
their singularities a reducible set of points. In the second place he assumes 
that the solutions are all uniform when considered as localized in a doubly- 
periodic region ® which excludes a region © and its congruent regions ob- 
tained by shrinking the sides of a pseudo-parallelogram* of periods so as not 
to pass over any singularities of the coefficients. 

The present investigation has to do only with a system of n linear homo- 
geneous differential equations of the first order whose coefficients are elliptic 
functions having the common periods 2w and 2w’, and having only simple 
poles. The hypothesis that the coefficients are elliptic functions, rather than 
uniform doubly-periodic functions, which if non-elliptic have essential singu- 
larities in the finite portion of the plane, is made in order that, in each common 
parallelogram of periods, all the singular points of the solutions shall be 
isolated, and, therefore, finite in number. The elliptic functions are restricted 
to have only simple poles in order that, in the whole finite portion of the plane 
of the independent variable, all the singular points of the solutions shall be 
singular points of determination, and in order that use can, therefore, be made 
of the general theory of Fuchs respecting the nature of solutions of linear 
differential equations in the vicinity of such singular points. 

Since n simultaneous differential equations of the first order include one 
differential equation of the nth order, the latter being always reducible to the 
former, the former is chosen for consideration. All the writers except Picard 
and Plemelj have used solely the latter form in their investigations. Picard, 
however, considered both forms and Plemelj the former, but, as has already 
been observed, they restricted all the solutions to be everywhere uniform. 

After specifying in section 2 the explicit form of the differential equations 
and some results that follow immediately from the general theory, a hy- 
pothesis is made in section 3 as to the character of a solution called the Jth 
solution which the differential equations shall be supposed to possess, and as a 


* Mercer’s paper, section I, 5. 
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consequence of this hypothesis two equivalent forms for this Jth solution are 
found in section 4. By two different methods a lemma is proved in section 5 
which is to the effect that a necessary and sufficient condition that the Jth 
solution shall return exactly to itself after its analytic continuation around a 
closed path encircling the singular points for a common parallelogram of 
periods, is that a certain sum N, shall be an integer. Conditions for the sum 
N, to be an integer are discussed in section 6. On adding the hypotheses 
that all the solutions of the fundamental set of solutions have the character 
of the Jth solution, and that all the sums N,, ---, N, are integers, Picard’s 
theorem for solutions all of which are uniform is extended in section 7 to a 
case of multiform solutions. In section 8 a determination is made of a type 
of differential equations which possess a certain solution consisting of doubly- 
periodic functions of the second kind. 


2. THE DIFFERENTIAL EQUATIONS AND A SUMMARY OF THE GENERAL THEORY 


The system of differential equations to be considered is 


d = 


in which the coefficients y(t) are elliptic functions of the independent 
variable ¢, having the common periods 2w and 2w’, and having only simple 
poles. 

Let P denote the pseudo-parallelogram comprising the region of the common 
parallelogram of periods with the vertices A = 0, B = 2w, C = 2w + 2u’, 
D = 2a’, from the perimeter of which common parallelogram ABCD are 
excluded the vertices B, C, D and the sides BC, CD. Since the points in 
this pseudo-parallelogram P of finite area which are poles of the n? elliptic 
functions Ya (t) (4, h =1, ---, nm), are isolated, they are finite in number. 
Let then ¢;, ---+, tm be all the points in P which are poles of the Wa (t), and 
let ty denote the fth one of them. 

The expansion of each yj (¢) in the vicinity of ty has the form 


(/) 


Yin (t) = Cin + (t — 


where c\) is zero, if ty is only an ordinary point of y(t). Then the relation 


of the residues 
(3) = 0 
f=i 


holds for every i and h, since the sum of the residues of an elliptic function 
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corresponding to its poles in P is zero. It follows by use of Hermite’s formula* 
for the general expression of an elliptic function in terms of the Weierstrassian 
¢ (t) that each elliptic function y(t) can be written in the form 


Via (t) = 


The differential equations (1) have then the explicit form 


dx; 
(1’) 


A= 


which displays the constants cy, and the residues c'}, --- , c%p for each Wa (t) 


corresponding to the points t;,+--,fminP. The for the Legendre- 
Jacobi elliptic functions sn t, ent, and dnt which have the common periods 
4K and 4iK’ , and which have as simple poles in P the four points 7K ,2K+iK’, 
31K’, and 2K + 3iK’, in terms of the Weierstrassian function ¢(t), where 
2w = 4K and 2w’ = 4:K’, are given here in order that a system of differential 
equations whose coefficients contain linear combinations of snt, ent, and 
dn t can be converted into a system of the explicit form (1’). These expressions 
are found by Hermite’s formula to be 


1 w’ 
+¢ 


+ 


where k is the modulus, 7 = ¢(w), and 7’ = €(w’). 

The points t,;, ---, tf, constitute the singular points in P for the solutions 
of the differential equations (1), and the points congruent to these points 
ti, ---, tm, modulo 2w and 2w’, constitute the singular points outside of P. 
Let any of the points in the finite portion of the ¢-plane which is congruent to 


" K. Goursat, Cours d’Analyse Mathématique, vol. 2 (1911), p. 191. 


w’ w’ 3a’ 
ent=7 —¢ + ¢ +¢ 
3a’ 
-1(t-0-% 
w’ w’ 3w’ 


1916] OF LINEAR DIFFERENTIAL EQUATIONS 113 


ty, modulo 2w and 2w’, be denoted by 7;; then 7; is any one of the points 
(v,»’ = 0,1,2, inthe finite portion of the ¢-plane, and 7; = ty 
when vy = »’ = 0. All the singular points 7; are singular points of determin- 
ation. Infinity is an essential singularity. 

By general theory there exists in the vicinity of every singular point of 
determination ¢t; in P at least one solution of the form 


(/) 


(4) a) = (t — (i=1, +++, n), 


where rf? is a root of the indicial equation 
| | 
dy =| (= 0 (in =1; 6, =0,7+h), 
associated with the singular point ty. The roots r\”? , ---, r\? of this indicial 
equation d; = 0 are all finite, since the coefficient of r™ is (— 1)”. 

On account of the double periodicity of the w(t) the indicial equation 
for every singular point 7’; congruent, modulo 2w and 2w’, to ty in P isd; = 0, 
the same indicial equation as forty. Hence it follows that there is in the vicin- 
ity of every singular point 7; a solution of the form 


where rj? and the aj’ have the same values as in the form (4) for the solution 
in the vicinity of ty in P,, associated with the root rj”. 
The expression for x‘ can also be written 


(6) = (t — 
where 


= LPP) (t — T;)*, 


(k) 


the symbols g(r’) denoting that the coefficients g{ of the power series 


Ptj> are functions of ri. 

Two theorems from the general theory which are fundamental in this in- 
vestigation are 

THeorEM I: If the indicial determinant d; has as elementary divisors 
— --+, — and if between ---, there is no difference 
which is an integer (different from zero), then the differential equations (1) 
possess a fundamental set of solutions of the form 


= (t— any = (t— PY =1, n), 


where the P*;’ are power series in t — 7;. 


} 
| 
| 
| 
f) 
(f) 
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Tueorem II: If are simple roots of the indicial equation 
d; = 0, if the differences r\/ — ri’, ry — ry, --- are positive integers, and 
if there are no other roots that differ from them by integers, then there belong 
to the exponents r\’’, r’’, linearly independent solutions of the form 
(t— Pr, 

(t — PS + (t — Ty) PY? log (t — T;) 
(t — Ts PY + (t — log (t — T;) 


+ (t — Pi log? (t — Ty), 


where all the P;; are power series in t — 7;. In order that the solutions 
x';;, x4’, v4, «++ shall be free from logarithms the coefficients of the different 
powers of log (t — T;), 
k=0 


= (WP) PHY = (8?) (t— 


=0 


where 


f) 


3 


must be identically zero in t—7;. These conditions simplify into the follow- 
(f) (f) 


ing necessary and sufficient conditions that the solutions 2%{’, --- 
shall be wholly free from logarithms: 


= 0; 
(rs) = 0; gi"? (rs) =0, (13) = 0; 


(f) 


where, for simplicity in writing, r; = r\’’, re = 7 


3. THE HYPOTHESIS ON THE JTH SOLUTION 


It has been seen from the general theory that there exists in the vicinity of 
every singular point 7’ at least one solution of the form 


(f) 


(6) ay? = (t — J 


where r/ is a root of the indicial equation d; = 0, and where the Pj’ are power 


|... 
‘sr 
f) 
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series in t — Ty. The question naturally arises whether the expansions 2/5’ 


are elements, or branches, of a solution, which will be called the Jth solution, 
consisting of multiform monogenic functions =1,---,n). Some 
examples can be given where such is the case; but they are simple and seem to 
indicate that there exists a more general class of differential equations than 
the types of these examples, which possess one or more solutions having the 
character of the Jth solution. It has not so far been found possible to deter- 
mine what are necessary and sufficient conditions on the coefficients of the 
system of differential equations (1), in order that they shall be such a class of 
differential equations. On account of this lack of knowledge as to the nature 
of necessary and sufficient conditions on the W(t) of (1), the hypothesis is 
made that the coefficients y(t) are such that the differential equations (1) 
shall possess a Jth solution consisting of multiform monogenic functions 
X47 (t), «++, 2,7 (t) whose expansions in the vicinity of every singular point 
T; are of the form (6). 


4. Two EQUIVALENT FORMS FOR THE JTH SOLUTION 


By the hypothesis of section 3 the Jth solution has in the vicinity of the 
singular point ¢y the form (6) which has already in (5) been written more 
fully in the form 


(7) ap = Da (t — ty)* p= 1, 
k=0 


where rj’ is a root of the indicial equation dj = 0. It will now be shown 
that x of (7) is uniquely expressible in the form 


(8) = eS (¢ — 
k=0 


in which 


$y(t) 


the rf, ---, r@ being the Jth roots of the indicial equations d; = 0, ---, 
dm = 0, respectively, and the ¢(¢—t,) being the Weierstrassian ¢{-function. 
In order to show this it is only necessary to show that, when the two forms are 
placed equal to each other, the a;,-coefficients of (7) are uniquely expressible 
in the b,,-coefficients of (8). 

On placing the two forms (7) and (8) equal, there are obtained the identities 
in t— ty, 


(9) (t— (t — ty )t = oS OY (t — 
k=0 k=0 


(t=1, 


| 

| 

| 

| 

| 

} 

| 

| 

| 

| 
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In the vicinity of the point ¢,, 


(t) cP (t—t)+- 


whence it follows that 


(10) = log (t — ty) + loge’ + (t —ts) + - 


where log c¥ is the constant of integration. On substituting (10) in (9) and 
simplifying, it is found that 


k= 


k=0 
(t=1, n), 
which can be written 


k=1 k=0 
(i 


Since c can be chosen to be unity, one obtains, by equating the coefficients 
of the terms in (12) independent of t — t,, 


(13) ay = ayy = bY, 
and, by equating the coefficients of (¢ — t,)*, 
(14) al? by + by + by + + 


In these equations (13) and (14) the a,,-coefficients are expressed uniquely 
in terms of the b,,-coefficients, and conversely. Hence the two forms (7) 
and (8) are equivalent. 

On account of the hypothesis made upon this solution 2,;(t), --+, %7(t), 
the power series 


(15) —t,)*, (t — (f =1, +++, m) 
k=0 

are elements, or branches, of monogenic functions, say £,,;(t), & (t). 

Since the power series (15) are finite everywhere in the finite portion of the 

t-plane, the functions £,,(t), ---, &.(t) are finite, and hence holomorphic 

in the whole finite portion of the t-plane. Now since 


fc —t;) dt =loga(t—t,) + log 


| [April 
(¢=1, 
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B® being an arbitrary constant of integration, it follows that 


f at —t)dt= {log (t — ty) + log BY}, 


and, therefore, that 


unity, since the solution 2,;(t¢), carries an arbitrary constant 
as a multiplier. Therefore the 
Lemma. If the differential equations (1) are such that they possess a 
solution consisting of multiform monogenic functions 2,,(t), 
whose expansions at the singular points ¢,, --- , tm in the pseudo-parallelogram 
P are of the form (6), 
= PY (i=1,-++-,n), 
the P{) being power series in ¢ — t,, this Jth solution has the form, namely, 


where 


(t) 


,(t) 


and the equivalent form, 


j=l 


the functions £,;(t) being holomorphic in the whole finite part of the ¢-plane. 


5. ON THE ANALYTIC CONTINUATION OF THE JTH SOLUTION 


Consider the analytic continuation of the Jth solution (16) around a closed 
path L enclosing within its interior the singular points ¢,, --- , tm of the pseudo- 
parallelogram P. Let an ordinary point Q on L be a starting point for the 
analytic continuation. Since the points t,, ---, tm are isolated, the path L 
is reconcileable into successive loops, L; from Q around ¢; back to Q, and so 
on, L» from Q around t, back to@. Each loop I; is reconcileable into a circle 
C; whose center is ty, and whose radius is greater than zero and less than the 
absolute value of — (h = anda path l,, 
joining Q and C; and containing no one of the points f,, «++ , ty-1, tyz1, °°*ytm- 
Since the Jth solution is left unchanged by analytic continuation from Q 
along each path J; and back to Q, it is necessary only to consider the effect 


where B, = [][7_, BY’. This arbitrary constant B,; can be chosen to be- 


| 
| 
| 
| 
| 
| 
| 
| 
| 
— } 
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of taking the Jth solution around each circle C; successively. From its expan- 
sion (6) in the vicinity of t,, 


(f 
ap (t=1,---,n), 


it follows that, after its circuit around the circle C;, the Jth solution is mul- 
tiplied by the constant 


J. 


This being true for the circuit around each circle C;, the Jth solution, when 
continued analytically around all the circles C,, ---, Cn, is multiplied by 


the constant e , where 


(18) N, = Dry. 


Since e**~-'y = 1 only when N, is an integer, there results the 

Lemma. A necessary and sufficient condition that the Jth solution shall 
return exactly to itself after its analytic continuation around a path L enclosing 
wholly within its interior all the singular points #,, ---, tm of the pseudo- 
parallelogram P is that the sum N, shall be an integer. 

Another proof of this lemma is as follows. Since 


o(t+2w) = — g(t), 
o (t+ 2w’) = — g(t), 


it follows that, by substitution of ¢ + 2w and ¢ + 2w’ for ¢ in 2,,;(t), ---, 
(t) 


(19) 20) =[— TT (t + 20) 


(t=1,-+-,n), 
(20) a,(t+ 20’) ee" [o(t —t) (t + Qo’). 
J=1 
On substituting ¢ + 2w’ for tin (19), and ¢ + 2w for tin (20), it follows also that 
(21) (t + + 2Qw) = [ — 
x [lo (t — ty) + 20" + Qw) 0), 


(22) ay (t + + = [ — 


x II — ty) (t+ + 20"). 
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Since the functions £,, (¢) are holomorphic, itis evident that 


(t + 2w’ + 2w) = &, (t+ 2w + 2w’) (i =1,---,n). 
In order that 


(t + 2w’ + 2w) = (t+ 2w + Qw’) (i=1,---,n), 
it is necessary in (21) and (22) to have 
= 


which can be written 
Ny — 1, 


By use of Legendre’s formula* the relation e2*~-"s = 1 is again obtained 


which holds only if the sum N,, is an integer. 


6. ON THE sum N, 


Since it is not known what are necessary and sufficient conditions on the 
Win (t) in order that the differential equations (1) shall possess a Jth solution 
of the form (16), viz., 


where 


and where the é,,(¢) are holomorphic everywhere in the whole finite part of 
the #-plane, it is therefore not known what are necessary and sufficient condi- 
tions that the sum N,, shall be an integer. The following examples and dis- 
cussion give, however, some information as to what are not sufficient condi- 
tions, and as to what are sufficient but not necessary conditions, in order 
that a sum N, shall be an integer. Finally, an example 4 makes more 
explicit a difficulty which besets the investigation, viz., the difficulty of de- 
termining whether or not solutions in the vicinities of the singular points 
ti, ,tmin P of the form (5) 


ay = > (t —t)* (¢=1, ---,n;f=1, ---,m), 
&=8 


are elements, or branches, of a set of multiform monogenic functions 
(t), +++, which have the expansions (5) in the vicinities of the 
points t,, tm in P. 

The first example will show that the hypothesis of Theorem I, section 2 on a 


*K. Goursat, Cours d’Analyse Mathématique, vol. 2 (1911), p. 187. 
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set of indicial determinants d,, --- , dm are not sufficient to insure that a sum 
N, shall be an integer. 
Example 1. Take the indicial equations to be 
| {1 
i, 


Their coefficients satisfy the relations (3), viz., 


3 
= 0 (i, h= 1, 2), 


and their roots are —1, vV¥—1; 0, 1—~vV—1; 242(1 
— 412(1+ 1), respectively. The roots being simple, the elementary 
divisors of the determinants d,, dz, ds are simple. There is for each pair of 
roots no difference which is an integer. So the hypothesis of Theorem I, 
section 2 is fulfilled, but there is evidently no way to add the roots such that 
either sum N, or N2 shall be an integer. ‘ 

In case the hypothesis of Theorem II, section 2, is fulfilled for each one of 
the indicial equations d,, ---, dm, where all the roots ri”, ---, r; 
r”, «++, 7” are integers, all the sums N;, ---, N, are integers. Only in 
this case and under the further conditions that all the solutions are free from 
logarithms are all the solutions uniform. If not all the roots of the indicial 
equations d,, --- ,d, are integers, then a sum N, may or may not be an integer, 
as is shown by the two following examples. 


Example 2. Let the indicial equations be 


Their coefficients satisfy the relations 


3 
=0 (i, h=1, 2), 
J=1 

and their roots are 1, — 1; 1, 4; 3(-5+V-—7), 3(-5-—~vV-7). The 

roots are simple and the first two pairs differ by integers, but there is no 

way to add them such that either sum JN, or N2 shali be an integer. 


0 2—7r%, 2| 
d, = =0, d= | 
—-2, 1, 
-3-r%, -—2 
d; = 
1, -2-re 
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Example 3. Consider the indicial equations 


—2-—r%, 0 1+ V-1-r®, 
= =(0, = =Q, 
1-r®, 1 
d; = r d,= 
1, 1+ 


Their coefficients satisfy the relations = 0 =1,2). Their 
roots are 


@M=-1; 
M=0, P=1+V-1; rP=1-V-1,  =0, 


respectively, each pair of which satisfies the hypothesis of Theorem I, 
section 2, and both of whose sums N; = and N2 = are zero. 
If the differential equations (1) possess a Jth solution of the hee (16), a 
sufficient condition for the sum JN, to be zero is found as follows. On sub- 
stituting the solution (16) in the differential equations (1) and using the 
expansions (4) of the z,, (¢) in the vicinity of t; , there are obtained, by equating 

the coefficients of (¢ — t;)~', the m sets of equations 


where 6,,, = 1 and 6, = 0 (i + h). Suppose now that the a'’/ of (23) satisfy 
the conditions 


where , Gm are constants not zero. Then, after dividing out q1, ---, Gm, 
the equations (23) are 


On summing the equations (25) with respect to f, they become, after inter- 
changing the order of the sums, 


(26) - | ay = 0 


m 
Every non-diagonal coefficient of the a{’? in (26) is zero, since > ¢? = 


f=1 


| 
| 
| 
| 

| 

| 

| 

| 
| 

| 

| 

| 

| 

| 

| 
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(i, h=1, ---, nm), and since 6, = 0 (+h). Then, since 5, = 1, the 
equations (26) become 


ful 


whence it follows that 
— 49?) = 0 


(01) 


because at least one of the a’?;’ is distinct from zero. Since 


Therefore the conditions (24) on the a‘°”’ imply that the sum J, is zero. 
hJ ph} J 


That these conditions (24) are not necessary conditions for a sum N; 
to be zero is shown by example 3, because the N,; and N» are both zero, while 
the a”, defined by the equations 


[ee — ba lat? = 


A=1 


do not satisfy the conditions (24) for either 7 = 1 or 7 = 2. In example 4 
it is found that all the sums N; are zero, and that the a‘)? satisfy the conditions 
(24) forj = 1,---,n. 

Example 4. Let the coefficients of the differential equations (1) have only 
two points, ¢; and f,, in P as poles. The differential equations can then be 
written 


dx; 
dt A=1 


The indicial equations are 
bin 
=|. |= 0, 


and their roots satisfy the relations r'? = — r'; 


N; = Dr? =0 
J=1 


Suppose there exist in the vicinities of t; and t. fundamental sets of solutions 
of the form (4). Then the sets of equations (23), belonging to ¢, and tz, are, 


=0 (R=1,---,n), 
f=1 
N, = = (0. 
J=1 
(27) 
| — r 
d, =|. = 
it,kh=1,---,n 
= 1, whence 
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respectively, 


(28) DV len — ba] = 0 8), 


(29) Dl — cin — ba) aff? = 0. 


On replacing r‘ by — r‘ and changing signs throughout, the set of equations 
(29) becomes 


A=1 


From comparison of (28) and (30), it is evident that the ai’ and the a‘}” 
satisfy the conditions 


(31) gy aii? 


which are precisely the conditions (24) forj7 = 1, ---,n. 

Even in this ideal case where the differential equations (1) have only two 
poles in P,, where in the vicinity of the poles the fundamental sets of solutions 
a) and x? (i, 7 = 1, --+, m) are wholly free from logarithms, and where the 
a‘ and the a}’” satisfy the conditions (24) for j = 1, ---, n, it is not known 
whether or not one of the solutions of the fundamental set 2!) and one of the 
solutions of the fundamental set x?’ are elements, or branches, of a set of 
multiform functions of the character supposed for the Jth solution in section 3. 


7. EXTENSION OF PICARD’S THEOREM TO A CASE OF MULTIFORM SOLUTIONS 


Picard’s theorem for the case in which all the solutions are everywhere 
uniform has been stated in the introduction, section 1. A corresponding 
theorem is true for the case of n multiform solutions each of which has the 
character of the Jth solution (16), and which constitute a fundamental set of 
solutions. The Theorems I and II, section 2 give necessary and sufficient 
conditions in order that there shall exist in the vicinity of every singular point 
T; a fundamental set of solutions which are wholly free from logarithms. 
Just as in example 4, section 6, it is not at present known what are further 
necessary and sufficient conditions on the coefficients y (¢) in order that the 
differential equations (1) shall possess a fundamental set of solutions having 
the character of the Jth solution (16). The theorem as it is proved is as fol- 
lows: 

THEOREM: If the differential equations (1) possess a fundamental set of 
solutions which have the form 


| 
123 | 
n 
| 
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where 


the sums N; = }°7,7'9(j =1,---+,m) being integers, and the functions 
£;; (t) being holomorphic in the whole finite portion of the ¢-plane, then there 


exists a solution 
Xi (t), Xn (t) 


which consists of doubly-periodic multiform functions of the second kind, that 
is, which satisfy the relations 


+ 2w) = wX; (t) m), 
Xi (t+ 2w’) = wp’ X(t), 
where uw and yp’ are constants. 
The method of proof by E. W. Barnes” of Picard’s theorem in the case 
where all the solutions are everywhere uniform is adopted here. 


The differential equations (1) being unchanged when ¢ + 2w is written for 
t, it follows from the fundamental set of solutions (32) that 


(33) xij (t + 2w) (¢,j =1, ---, 2) 


is a fundamental set of solutions. The differential equations being unchanged 
when ¢t + 2w’ is written for ¢, it follows that 


(34) xi; (t + 20’) (i,j =1, 
is also a fundamental set of solutions. In the same way it follows that 
(35) (t+ 2w’ ++ 2w) and aij(t+2w+2w’) (i, =1, +++, n) 


are fundamental sets of solutions. 
The fundamental sets of solutions (33) and (34) are, by general theory, ex- 
pressible linearly in terms of the fundamental set (32) by relations of the form 


(t + 2w) = (t) 
(36) 

wij (t + = (t) 
both determinants, 


(37) and 
h 


being distinct from zero. When all the sums N;, ---, N, are integers, it 
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follows, by the Lemma of section 5, that 
(t + 2w’ + Qw) = (t + 20+ Qw’) 


and, therefore, that the two substitutions of (35) are commutative, whence 


(38) ain Brg = Bin 
Suppose now that 
Xi (t), Xn (t) 


is a solution so chosen that 

(39) X; (t+ 2w) = uX; (t) (i 

pw being a constant. Since 

(40) X(t) = 
it follows that 


(41) (t+ = (t) ans dy = (t) 
j= = = = 


whence the ratios of the constants \;, --- , A» are determined by the equations 


j= 


which are linear and homogeneous in the ),;. 
Take now 


(43) pr = 
j= 
then 


(44) Gin Ph = Dy in Brg dj 


A=1 j=1 


On applying in succession the equations (38), (42), and (43) in the right 
members of the equations (44), it results that 


Jj 
(45) u >, Ba, for p is a constant, 
A=1 
= MPpi 


The comparison of the equations (42) in the dj, 


n 
ais dy = As 
j=1 
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with the equations (45) in the p;, 

pj = 

i=1 


shows that there exists some constant yp’ such that 


Hence, from equations (43), 


Bis Aj = wr 
j= 


Wherefore it follows that 
Xi (t + 20’) = X;(t) 


The proof of Picard’s theorem is thus completed for a case of multiform 
solutions. 


8. ON THE DETERMINATION OF A TYPE OF DIFFERENTIAL EQUATIONS WHICH 
POSSESS A CERTAIN SOLUTION CONSISTING OF DOUBLY-PERIODIC 
FUNCTIONS OF THE SECOND KIND 


In the problem of this section there is added the hypothesis that, in the 
Jth solution (16), viz., 


where (t) mgo(t—t,), the &,(t), ---, £,,(t) are doubly- 
periodic functions of the second kind, that is, that they satisfy the 
relations 

2w) = wy (t) 

(t+ 2’) = My f(t), 


where yu, and yw; are constants. 

A general expression of a uniform doubly-periodic function* F(t) of the 
second kind having the periods 2w and 2w’ and having the constant multi- 
pliers and yp’, is 


F(t) = 


a being an arbitrary constant, H (t) the H-function of the Jacobi 6-functions, 
y (t) an elliptic function with the periods 2w and 2w’, and s and ty defined by 


the relations 
1 
108 


1 
to = - (w log p’ — w’ log un). 
* Appell et Lacour, Théorie des Fonctions Elliptiques, p. 328. 
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It has just as many zeros as poles. Since the ¢,, (¢) have no poles, they have 
then no zeros. The F(t) which has no poles nor zeros reduces to 


F(t) = ae". 
Therefore, by the hypothesis on the £,, (¢) , it follows that 
= a, e* 


where the a,, are constants, and where s, satisfies the relation 


1 


It will now be determined what the conditions on the coefficients of the 
differential equations (1’) are in order that they shall possess a Jth solution 
of the form 


(46) (t) = ay 


On substituting this solution (46) in the differential equations (1’), ex- 
panding ¢ (¢ — ¢;) in powers of ¢ — t;, and then equating the coefficients of 
(t — t,), all this being done for every f, the m + 1 sets of n linear homo- 
geneous equations in the a,,, ---, d,,;, 


n 
[ey — bala,,= 0 m), 
h=1 


(47) 
— 8, bn] = 0, 

are obtained. 

Since, in each set of (47), the number of equations is equal to the number of 
a,;, a necessary and sufficient condition for solutions other than a,, = a,, 
= --+- =4,, = 0 is that the determinants of the coefficients be zero. There- 
fore the following equations are obtained, 

— bin 
: = 0 
(48) 
| Cih — 87 bin 


doy = i,h=1,---,n| 

In order that these m + 1 sets of equations (47) in a,,, ---, a,, shall have 
their solutions unique other than a,, = a.; = --- = a,; = 0, it is necessary 
that the rank of the determinants (48) be n — 1, and that the m + 1 sets of 
ratios of their corresponding n? first minors be equal. A necessary and 
sufficient condition in order that the rank of the m + 1 determinants (48) 


| 
(ti=1,---,n), 
| 
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be n — 1 is that for every f the indicial determinant dy have as a simple ele- 
mentary divisor r/ — rj, and that the determinant dy have as a simple 
elementary divisor s — s,. 

By (17), another form of this Jth solution (46) is 


(49) = ap (t —t,) 
f=1 


On substituting ¢ + 2w and ¢ + 2w’ for ¢ in (49), it follows that 
(t + = [ — et) 2, (t) i mn), 


(50) 
(t + 2w") = [ — (t). 


In order that 2,,(t), ---, 2,,(t) shall be doubly-periodic functions of the 
second kind, the sum NV, = >>”, rf must be zero. That the N, is zero fol- 
lows directly from the equations (47) in which the a,, satisfy the conditions 
(24), which are sufficient for N, to be zero. Hence the following 

THEOREM: If the determinants d,, ---, dm, do have as simple elementary 
divisors r? — ---, s — 8,, respectively, and if the m+ 1 
sets of ratios of the corresponding n? first minors of the determinants d,,, 
--+,d,,, dg, are equal, then the system of differential equations (1’) possesses 
the solution 


where ¢,(t) = r/?¢(t —t;), which consists of multiform doubly- 
periodic functions of the second kind. 


An illustration of the foregoing theorem is furnished by the differential 
equations 


dy 
(a(t) + 7) a1 + (t) — 9] ae, 


dx» 
= (t) — 4] [va (t) +7) a2, 


where 


W(t) =1[¢(t-h) 
vo(t) —2(t-—h) + f(t 


The indicial equations d;, dz, d3 and the equation dy are 


(t=1,--- 
11 
ds 
5 
lg, 0, d 
=| , -9| 
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whose roots are = $+}, =4-—3; =-}4-} 


= 4, r = —}; 8, = 1, = 13, respectively. Two solutions are 


X12 (t) = 3a2 too (t) = — 2ae ed 


where 


oi(t) = w(t) + 
g2(t) = wilt) — Yae(t), 


and they constitute a fundamental set. The 2;;(¢) are multiform doubly- 
periodic functions of the second kind, for they satisfy the relations 


rij (t+ 2w) = pj ri; (t) (¢,j =1, 2), 
(t + 2w’) = pj xij (t), 
where = e”, = 
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ON THE FOUNDATIONS OF PLANE ANALYSIS SITUS* 
BY 
ROBERT L. MOORE 


1. INTRODUCTION 


The present paper contains three systems of axioms, 2;, 22, and 23. Each 
of these systems is a sufficient basis for a considerable body of theorems in the 
domain of plane analysis situs or what may be roughly termed the non- 
metrical part of plane point-set theory, including the theory of plane curves. 
The axioms of each system are stated in terms of a class of elements called 
points and a class of point-sets called regions. 

On the basis of 2; the existence of simple continuous curves is proved as a 
theorem and it is shown that every region is the interior of a simple closed curve. 

22 is equivalent} to 2; as far as statements in terms of point and limit point 
are concerned. But 2 is satisfied if in an ordinary euclidean space of two 
dimensions the term region is interpreted so as to apply to every bounded, 
connected set of points R of connected exterior such that every point of R 
lies in the interior of some triangle that is contained in R. 

Both 2; and 22 contain an axiom (Axiom 1) which postulates the existence 
of a countable sequence of regions containing a set of subsequences that close 
down in a specified way on the points of space. Among other things this 
axiom implies that the set of all points is separable.t 

The set 2; is obtained from 22 by replacing Axioms 1 and 2 by two other 
axioms, Axioms 1’ and 2’. Here Axiom 1’ postulates the existence for each 
point P of a countable sequence of regions that closes down on P, while 
Axiom 2’ postulates that every two points of a region are the extremities of 
at least one arc lying in that region. 2:2 implies 23 but not conversely. 

Though Theorems 1-52 of the present paper are all consequences of 2; 
nevertheless there exists a space that satisfies 23; but is neither metrical, 
descriptive§ nor separable. It is interesting that no space that satisfies 2; 


ay part of this paper was presented to the Society under a different title April 24, 1915. 

t See § 9. 

t For a definition of the term separable see M. Fréchet, Sur quelques points du calcul fonc- 
tionnel, Rendiconti del Circolo Matematico di Palermo, vol. 22 (1906), 
p. 23. 

§ A space S is said to be descriptive or potentially descriptive if it contains a system of open 
curves (as defined in § 8) such that through every two points of S there is one and only one 
curve of this system. I have not determined whether every space satisfying 2, is potentially 


descriptive. 
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can be potentially descriptive without being separable and, indeed, metrical 
in the sense that it is in a one to one continuous correspondence with an or- 
dinary euclidean space of two dimensions. 


2. AXIOMS AND DEFINITIONS 


I consider a class, S , of elements called points and a class of sub-classes of S 
called regions, subject to a set of postulates (axioms) as described below. 
Before stating these axioms I will define certain terms that will be used. 

Derinitions. A point P is said to be a limit point of a point-set M if, and 
only if, every region that contains P contains at least one point of M distinct 
from P. The boundary of a point-set M is the set of all points [X] such that 
every region that contains X contains at least one point of M and at least one 
point that does not belong to M. If M is a point-set, M’ denotes the set of 
points composed of M plus its boundary. If R is a region, the point-set 
S — R’ is called the exterior of R. A point in the exterior of R is said to be 
without R. 

A set of points is said to be connected if, however it be divided into two 
mutually exclusive subsets, one of them contains a limit point of the other 


one. 
A set of regions K is said to cover a point-set M if every point of M belongs 


to at least one region of the set K. If for every infinite set of regions K cover- 
ing the point-set M there exists a finite subset of K that also covers M then M 
is said to possess the Heine-Borel property. 

Axiom 1.* There exists an infinite sequence of regions, K,, Ke, K3, --- 
such that (1) if m is an integer and P is a point, there exists an integer n, greater 
than m, such that K,, contains P , (2) if P and P are distinct points of a region R 
then there exists an integer 5 such that if n > 6 and K, contains P then Kj, is a 
subset of R — P 

Axiom 2. Every region is a connected set of points. 

Axiom 3. If Risa region, S — R’ is a connected set of points. 

Axiom 4. If Risa region, R’ possesses the Heine-Borel property. 

Axiom 5. There exists an infinite set of points that has no limit point. 

AXIOM If R and R are regions and P is a point in R and on the boundary 
of R, then there exist in R two regions K and K such that K contains P, K lies 
in R and all those points of the boundary of R that lie in K are points also of the 
boundary of K. 

Axiom 7. If Rand R are regions and P is a point in R and on the boundary 
of R, then there exist in R two regions L and L such that L contains P, L lies 

* There is a certain amount of resemblance between Axiom 1 and Veblen’s Postulate of 


Uniformity. Cf. O. Veblen, Definition in terms of order alone in the linear continuum and in 
well-ordered sets, these Transactions, vol. 6 (1905), p. 169. 


b 
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in S — R’ and all those points of the boundary of R that lie in L are points also 
of the boundary of L. 
Axiom 8. Every simple closed curve* is the boundary of at least one region. 


3. CONSEQUENCES OF Axioms 1-3, 5,T 


THEOREM 1. No point of a region is a boundary point of that region. 

TuHEeorEM 2. If P is a limit point of the point-set M then every region that 
contains P contains infinitely many points of M. 

Proof. Suppose the region R contains P. By hypothesis. R contains at 
least one point P; which belongs to M and is distinct from P. By Axiom 1 
there exists in R a region R, containing P but not containing P;. The region 
R, contains at least one point P2 belonging to M and distinct from P. This 
process may be continued. It follows that R and M have in common an 
infinite sequence of distinct points, P;, P2, Ps, ---. 

THEorREM 3. If P is a point and M is a finite set of points not containing 
P then there exists a region containing P but containing no point of M. 

THEOREM 4. Every region contains infinitely many points. 

Proof. Suppose R is a region. There exists in R at least one point 0. 
By Axiom 5; there exist two points P; and P» distinct from each other and 
from 0. By Theorem 3 there exists, aboutt P;, a region A, containing neither 
O nor P2. Suppose R; contains 0 or P2. Then either O or Pz is a limit 
point of R,; and therefore, by Axiom 1 and Theorem 2, R; contains a point Y 
distinct from P,;. Hence, by Axiom 1, there exists, about P,, a region R, 
such that R, is a subset of R;. It follows that Rj contains neither O nor P2. 

Let K denote R, or R; according as R; does or does not contain one of the 
points 0 and P,. Then S — K’ = 0+ M where M is a point-set which 
does not contain 0. Hence, by Axiom 3 and Theorem 3, 0 is a limit point 
of M. Hence R contains infinitely many points of M. 

TuHeorEeM 5. If P is a point then there exists an infinite sequence of regions 
R,, Re, R3, --+ such that (1) P is the only point they have in common, (2) for 
every n, Rni41 is a proper subset of R,, (3) if R is a region about P. then there 
exists n such that R,, is a subset of R. 

Proof. Let R, denote the first fundamental region§ that contains P. 
Let R, denote the first fundamental region that follows R,; in the fundamental 

* For definition of simple closed curve see § 4. 

t Here 5; denotes the axiom that there exist at least three points. Of course this proposi- 
tion is a part of Axiom 5. 

t In this connection ‘‘about”’ is synonymous with “containing.” 

§ Select once for all a definite sequence K,, Kz, K3, --+ satisfying the conditions stated in 
Axiom 1. This definite sequence will be called the fundamental sequence and its regions will 


be termed fundamental regions. Hereafter in this paper K, denotes the nth region in the 
fundamental sequence. 
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sequence, contains P and is a proper subset of R,. In general let 2,4: denote 
the first fundamental region that follows R, , contains P and is a proper sub- 
set of R,. It is clear that the sequence R,, R2, --- , thus defined, satisfies 
conditions (1), (2), and (3). 

THEOREM 6. If two regions have a point in common, then they have in 
common at least one region containing that point. 

Proof. Suppose the regions K and L have in common the point P. Let 
R,, Re, R3, «++ denote a sequence of regions satisfying, with respect to the 
point P, conditions (1), (2), and (3) of Theorem 5. There exist positive in- 
tegers m and n such that R,, is a subset of K and R, is a subset of L. The 
region R,»» is a common subset of K and L. 

TueoreM 7. If P is a limit point of M + N then it is a limit point either 
of M or of N. 

Derinition. The point P is said to be a sequential limit point of the se- 
quence of points P,, P:, P;, --- if and only if for every region R containing 
P there exists an integer 6 such that if n > 6 then P, lies in R. 

TuHeoreM 8. If P is a sequential limit point of a sequence of points, P,, 
P., P3, +++, then no other point is a limit point of the point-set 


Pi + P2+Ps+-::. 


Proof. Suppose P; + P2 + P; + --- has a limit point X distinct from P. 


By Theorem 3 there exists a region R containing P but not containing X. 
By Theorem 5 there exists a region AK, containing P, such that K’ is a subset 
of R. There exists 6 such that if n > 6 then P, liesin K. But X does not 
belong to K’. Hence it is not a limit point of Psi: + Psie + Pus t+---. 
By Theorem 3 it is not a limit point of P; + P2 + P3 +--- +P,. Hence, 
by Theorem 7, it is not a limit point of P; + Pz + P3 + - 

TuHeoreM 9. If P is a limit point of M then there exists an infinite sequence 
of points belonging to M and all distinct from P such that P is the sequential 
limit point of this sequence. 

Proof. Let Ri, Re, Rs, «++ denote an infinite sequence of regions satis- 
fying, with respect to P, conditions (1), (2), and (3) of Theorem 5. For 
every n, R, contains at least one point of M distinct from P. With the 
help of Zermelo’s postulate it follows that there exists an infinite sequence of 
points P;, Pz, P3, «++ such that P, belongs to R, and to M and is distinct 
from P. It is clear that P is the sequential limit point of this sequence. 

DeriniTion. If A and B are distinct points, then a simple chain from A to B 
is a finite sequence ot regions R,, R,, R;, --- R, such that (1) R; contains A 
if and only if i = 1, (2) R; contains B if and only if i = n, (3) iflSisn, 
1=jan,i <jthen Rf; has a point in common with &; if and only if 


j=itl. 
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The region R, (1 = k = n) is said to be the kth link of the chain 


THEOREM 10. If M is a connected set of points, A and B are two distinct 
points of M and G is a set of regions covering M then there exists a simple chain 
from A to B every link of which is a region of the set G. 

Proof. If there is no such chain from A to B then the points of M can be 
divided into two classes S, and S,, where S, is the set of all points [ P] such 
that P can be joined to A by a simple chain every link of which is a region of 
the set G, and S, is the set of all other points of M. Since M is connected, 
one of the sets S, and S, must contain a point X which is a limit point of 
the other one. The point X lies in at least one region R of the set G. The 
region R contains a point A; belonging to S, and a point B, belonging to 
S,, where A; is X or B; is X according as X belongs to S, or toS,. The 
point A can be joined to A; by a simple chain R; R, R; --- R, every link of 
which is a region of the set G. Let R, be the first link of this chain that 
intersects* R. Then R, R. R;--- R,R is a simple chain from A to B,, every 
link of which belongs to G. Thus the supposition that Theorem 10 is false 
leads to a contradiction. 

Derinition. A set of points is said to be closed if it contains all its limit 
points. A set of points M is said to be bounded if there exists a finite set of 
regions, R,, R., R3, --- R, such that M is a subset of 


It is clear that if M is a set of points then M’ is closed. 


4. CONSEQUENCES OF Axioms 1-4, 5 


TuHeoreM 11. Jf Ri, R3, --- Ry is a finite set of regions, the point-set 
(Ri + Re + Rs + --- + Rn)’ possesses the Heine-Borel property. 

THEOREM 12. Every closed, bounded set of points possesses the Heine-Borel 
property. 

Proof. Suppose that R,, R., R3, --- R, is a finite set of regions and that 
M is a closed point-set lying in (Ri + Re + R3 + --- + R,)’ and covered 
by a set of regions G. Let H denote the point-set R; + + R3 + --- + Ra. 
If every point of H’ belongs to M then, by Theorem 11, M has the Heine- 
Borel property. Suppose that not every point of H’ belongs to M. Since 
M is closed theretore about each point of H’ — M there is a region containing 
no point of M. Thus there exists a set of regions G covering H’ — M but 
such that no point of M belongs to any region of G. By Theorem 11 there 


* Two point-sets are said to intersect each other if they have at least one point in common. 
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exists a finite set of regions G, covering H and such that each region of G; 
belongs either to G or to G. Let G. denote the set of all those regions of G; 
that intersect M. No region of Gz can belong to G. Hence every region 
of Gz belongs to G. Moreover G2 covers M. 

THEOREM 13. Every infinite, bounded set of points has at least one limit 
point. 

For a proof of Theorem 13 see F. Hausdorff, Grundziige der Mengenlehre,* 
page 231. 

TueoremM 14. Jf M,, Mz, M3, --- is an infinite sequence of bounded 
point-sets such that, for every n, M,, contains M),,, then the point-sets M,, M2, 
M;, «++ have at least one point in common and the set, G, of all such common 
points is closed. 

Proof. For each n, M, contains at least one point. Hence, by Zermelo’s 
postulate, there exists a sequence of points P;, P:, P3;, --- such that, for 
each n, P, lies in M,. If there exists a positive integer n such that, for every 
n greater than n, P, = Pz, then Pz is common to all the point-sets M,, M2, 
M;, +--+. If no such n exists then the sequence P,, P2, P3, --- contains 
infinitely many distinct points and therefore, by Theorem 13, there exists a 
point P which is a limit point of P; + P2 + P;+ ---. Since P is a limit 
point of + P2 + P3 + + Pa) + (Paii + ---), therefore, by The- 
orems 7 and 3, it is a limit point of P,,; + ---. But Pays: + --- is a sub- 
set of M,,,, and M},, is a subset of M,. Therefore every M, contains P. 
Hence the set G exists. 

Suppose that O is a limit point of G. Then, for every n, O belongs to 
M..., and therefore to M,. Hence O belongs to G. Thus G is closed. 

Derinition. A domain is a connected set of points M such that if P is a 
point of M then there exists a region that contains P and lies in M. 

Derinition.} If A and B are two distinct points, a simple continuous arc 
from A to B is a bounded, closed, connected set of points containing A and B 
but containing no connected proper subset that contains both A and B. 

TueoreM 15. Jf A and B are distinct points of a domain M, there exists a 
simple continuous are from A to B that lies wholly in M. 

Proof. If P is a point of M, P lies in a region R which is contained in M. 

*Veit & Co., Leipzig, 1914. See also E. W. Chittenden, The converse of the Heine- 
Borel theorem in a Riesz domain, Bulletin of the American Mathematical 
Society, vol. 21 (1915), pp. 179-183, and vol. 20 (1914), p. 461. For a proof that in 
the presence of certain linear order postulates the Heine-Borel Theorem is equivalent to the 
Dedekind-cut Postulate see O. Veblen, The Heine-Borel Theorem, Bulletin of the 
American Mathematical Socicty, vol. 10 (1903-04) pp. 436-439. 

t See N. J. Lennes, Curves in non-metrical analysis situs with an application in the calculus 
of variations, American Journal of Mathematics, vol. 33 (1911), page 308, 


and Bulletin of the American Mathematical Society, vol. 12 (1906), 
p. 284. 
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There exists n,p greater than or equal to 1 such that K,,, contains P and 
such that if nm = mp and K,, contains P then K, is contained in R and there- 
forein M. Let G; be the set of all such K,,,’s forall P’sin M. By Theorem 
10 there exists a simple chain Ry; Ri: --+: Rim,, from A to B, every link of 
which belongs to G,. Call this chain C,. For each 1(1 =i < m;) select a 
point P;; common to Ry; and Rix. Let Pio = A and Pim, = B. If 
0 =i < m, then P;; can be joined to P;4; by a simple chain C,;4; each link 
of which is a region of the sequence Kz, K3, --- and lies, with all its limit 
points, in Riiy1. If for any (1 S% S m,) any link except the last one of 
the chain C}; intersects any link ot Ci:4; then omit from C,; every link that 
follows Ri; where R; is the first link of C,; that intersects a link of Cyi+1; 
also omit from C1;,: every link (if there be any such) that precedes the last 
link that intersects R,;. These omissions having been made for each 7 con- 
cerned, the remaining links of the chains Cy,, C12, --- Cim, form a simple 
chain C, from A to B. The chain C, has the important property that each 
one of its links lies wholly in some single link of the chain C, and if a link x of 
C2 lies in a link y of C,; then every link that follows z in C; lies either in y or 
in some link that follows y in C;. Similarly there exists a chain C; having a 
relation to C2 analogous to the above indicated relation of C, to C; and such 
that every link of C; is a region of the sequence K;, Ky, ---. This process 
may be continued. Thus there exists an infinite sequence of chains C,, C2, 
C; --- such that (1) each link of the chain C,,4; lies, together with all its limit 
points, wholly in some single link of C,; (2) if a link 2 of Cy4: lies in a link y 
of C,, then each link that follows z in C,4, lies either in y or in some link that 
follows y in C,; (3) every link of C, is a region of the sequence K,, Kni1, 

Let C, denote the point-set which is the sum of all the links of the chain C,. 
Let C denote the set of all those points that the sets Ci, Ce, Cs, >>> have in 
common. It will be proved that C satisfies Lennes’ definition of a Jordan arc 
from A to B. 

I. To prove that C is closed. Every limit point of a single link of Cri: 
lies in some link of C,. Hence, by Theorem 7, C’.., is a subset of C,. It 
follows by Theorem 14 that C is closed. 

II. To prove that C is connected. Suppose that C can be divided into two 
mutually exclusive subsets S; and S_ neither of which contains a limit point 
of the other one. Since C is closed every limit point of 8; belongs to S; + S:2 
and therefore must belong to S,. Hence S; is closed. Likewise Sz is closed. 
About each point P of S; there is a region R containing no point of Sz. There 
exists n such that Ky contains P while K; liesin R. Hence, by Theorem 10, 
there exists a finite set G, of regions such that every point of S, belongs to 
some region of G; but no point of S; belongs to, or is a limit point of, any 
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region of G,. Since the set G; is finite it follows, by Theorem 7, that no point 
of S2 is a limit point of G, (the point-set which is the sum of all the regions of 
the set G,). About each point of S, there is a region such that no point of 
G; is a point or a limit point of that region. Hence there exists a finite set G2 
of regions, covering S, and such that no point of G; is a point or a limit point 
of any region of G.. Let G2 denote the point-set which is the sum of all the 
regions of the set G,. Then the two closed point-sets G; and G; have no 
point in common. But C, contains at least one point of G; and at least one 
point of G;. Hence, since C;, is connected it must contain at least one point 
that does not belong to G; + G;. Let 7, denote the set of all such points. 
For every n, 7.,,; is a subset of T,. Hence, by Theorem 14, the point-sets 
T,, Tz, --+ have in common at least one point 0. The point O belongs to 
C and therefore to G; + G2 as well as to 7;. Thus the supposition that C 
is not connected leads to a contradiction. 

III. To prove that no connected proper subset of C contains both A and B. 
Let us first order the points of C. If X, and X2 are two distinct points of C 
then there exists n such that X; and X2 do not both lie in the same region of 
the set Kn, Knii, Knio, «++. But every link of C, is a region of this set. 
Thus for every two distinct points X; and X_2 belonging to C there exists n 
such that X, and X, do not belong to the same link of C,. Furthermore it 
is clear that if X; and X_ do not lie in the same link of C,, but X; lies in a link 
of C,, that precedes one in which X, lies, then if m > n every link of C,, that 
contains X, precedes every link of C,, that contains X,. The point X; is 
said to precede the point X,(X, < X2) if there exists n such that every link 
of C, that contains X, precedes every link of C, that contains X;. From 
facts observed above it follows that if X, and X,2 are distinct points of C 
then either X; < X2 or X2 < X;, while if X; < X,» then it is not true that 
< X,. Furthermore if X; < X2 and < X3 then < X;3. For 
there exist n; and m2 such that X; and X-2 do not lie in the same link of Cp, 
and X2 and X; do not lie in the same link of C,,. Hence every link of Ch,+n, 
that contains X; precedes every link of Cnn, that contains X_ and every 
link of Cy,4n, that contains X2 precedes every one that contains X;. Hence 
every one that contains X, precedes every one that contains X;. Hence 
< X3. 

Suppose now that H is a proper subset of C that contains both A and B. 
Then there exists a point P belonging to C but different from A and from B 
such that H is a subset of C— P. Now C — P = 8, +S, where S, is the 
set of all points of C that precede P and S, is the set of all points of C that 
follow P. It is clear that S, contains A and S, contains B. Suppose that 
P, isa point of S,. Then there exists n such that every link of C, that con- 
tains P, precedes every one that contains P. Suppose that some link y of 


1916] PLANE ANALYSIS SITUS 139 


the chain C,, contains P, and also a point P, of the set S,. Since y precedes 
every link of C, that contains P it follows that P, precedes P, which is con- 
trary to hypothesis. Hence no region of C, that contains P, contains any 
point of S,. But some region of C, does contain P,. Hence P, is not a 
limit point of S,. Similarly no point of S, is a limit point of S,. But H 
contains a point A that belongs to S, and a point B that belongs to S,. 
Moreover H is a subset of S, + S,. It follows that H is not connected. 

It is thus established that C is a simple continuous arc from A to B. 

THEOREM 16. Every two points of a region R can be joined by an arc* lying 
entirely in R while every two points without R can be joined by an arc lying entirely 
without R. 


5. CONSEQUENCES OF Axioms 2-5 AND THEOREM 5 


On the basis of Axioms 2-5 and Theorem 5 it is possible to prove Theorems 
2-9 of § 4 of Lennes’ paper.t In particular if X is any point of the are AB 
then AB is the sum of two ares AX and XB that have no common point 
other than XY. If X and Y are points of the are AB distinct from A and 
from B then AB contains as a subset only one arc that has X and Y as its end- 
points. This are XY is called the interval XY of the are AB. If Z is a point 
(distinct from X and from Y) of the interval XY ot the are AB then Z is 
said to be between X and Y onthe are AB. If X is between A and Y on the 
arc AB then X is said to precede Y on AB and Y is said to follow X on AB. 
If X precedes Y on AB then Y precedes X on BA. 

If the are AB has at Jeast one point in common with the closed set of points 
K then there exists (1) a point P; common to AB and K such that if X, is 
common to AB and K and X; + P; then X; is between P; and B on the arc 
AB, (2) a point P, common to AB and K such that if X_, is common to AB 
and K and X2 + P2 then X, is between P, and A on the arc AB. The point 
P, is said to be the first point that AB has in common with K while Pz» is said 
to be the last point that AB has in common with K. It is to be observed that 
the first point that AB has in common with K is the last point that BA has 
in common with K. 

If P is a point on an are AB and M is a point-set on AB then P is a limit 
point of M if and only if every interval of AB that contains P (but does not 
have P as an endpoint) contains also a point of M distinct from P. 

Derrnition.{ A simple closed curve is a set of points composed ot two 
arcs AXB and AYB that have no point in common except A and B. 


* Hereafter in this paper, “arc” and “simple continuous arc’’ will be considered synony- 
mous terms. 

Loc. cit. 

tSee N. J. Lennes, loc. cit., p. 314. 
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If A and B are two distinct points of the simple closed curve J then there 
are two and only two distinct ares of J fom A to B. These two arcs, AXB 
and AYB, have no point in common except their endpoints, A and B. Every 
point of J belongs either to AXB or to AYB and A and B are said to separate J 
into the two ares AXB and AYB. If A, B,C,and D are four distinct points 
of J such that C lies on one and D lies on the other of the two arcs into which 
A and B separate J then A and B are said to separate C and Don J. If 
A and B separate C and D on J then C and D separate A and B on J. 

THEOREM 17. Jf R is a region, the exterior of R contains an infinite set of 
points that has no limit point. 

Theorem 17 is a consequence of Axiom 5 and Theorem 13. 

THEOREM 18. The exterior of a region is not a bounded point-set. 

THEOREM 19. Every region has at least one boundary point. 

Proof. Suppose R is a region. By Theorems 4 and 5 there exist in R two 
points P and X and a region R, such that R, contains P but RF’, is a subset 
of R—X. It follows by Theorem 17 that S — R’ = M, + Mz where M, 
is a subset of R and Mz is a subset of S— R. No point of M, is a limit 
point of M,. Hence, by Axiom 3, M, contains a limit point of M,. Every 
such point is a boundary point of R. 


6. CONSEQUENCES OF Axioms 2-8 AND THEOREMS 5 AND 15 


It is clear that Theorems 1-19 are consequences of Axioms 2-5 and The- 
rems 5 and 15. 

THEeorEM 20. Every point of the boundary of a region is a limit point of the 
exterior of that region. 

Theorem 20 can easily be proved with the help of Axiom 7. 

THEOREM 21. If K and R are regions and the boundary of R is a subset of 
K’ then R is a subset of K. 

Proof. By Theorem 18, S — K’ contains at least one point that does not 
belong to R. If it contains also a point of R then S — K’ = S, + Sz where 
S; is a subset of R but no point of S, belongs to R. The point-set S; cannot 
contain a limit point of S.. Hence, by Axiom 3, S, must contain a limit 
point of S,;. Hence S, contains a point of the boundary of R. But this is 
contrary to hypothesis. It follows that R is a subset of K’. If R contained a 
point on the boundary of K then, by Theorem 20, it would contain a point 
of S — K’. It follows that R is a subset of K. 

THEOREM 22. The set of all points is connected. 

Theorem 22 can be easily proved with the help of Theorem 19, Axioms 2 
and 3 and Theorem 20. 

THEOREM 23. No region is a subset of an are. 

Proof. Suppose that the region R is a subset of the arc AB. Then R 
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must contain at least one point O belonging to AB but distinct from A and 
from B. By Theorems 3 and 5 there exists about O a region K such that 
A and B are both without K. By Theorem 16 there exists an are AXB lying 
without K. There exist on AB two points A; and B, such that A; is the last 
point that AXB has in common with the interval AO of the arc AB and B, 
is the first point following A; on AXB that AXB has in common with the 
interval OB of the arc AB. The arc A; OB; on AB and the arc from B, to A; 
on AXB constitute together a closed curve J. There exists about O a region 
R, containing no point of the closed point-set 4A: + B; B, where AA; and 
BB, are intervals of AB. By Theorem 6 the regions R and R, contain in 
common a region R, that contains 0. Since R, is a subset of R that contains 
no point of 4A; + B; B it must be a subset of A; OB; and therefore of a 
But O is on the boundary of R, the interior of J. Therefore, since Rz contains 
O, Rz must contain a point of R. Thus the supposition that R is a subset 
of AB leads to a contradiction. 

THEOREM 24, If the points A and B separate the points C and D on the 
closed curve* J and AXB is an are such that AX Bt is a subset of R, the interior 
of J, then (1) R, the interior of the closed curve AXBCA, is a subset of R, 
(2) ADB is entirely without Ri, (3) Ri has no point in common with Re, the 
interior of AXBDA. 

Proof. That R; is a subset of R is a consequence of Theorem 21. Hence, 
by Theorem 1, R; contains no point of ADB. 

Suppose that R, and FR, have a point in common. Since the boundary 
of R, contains points that are neither in R; nor on the boundary of R,, Re 
is not a subset of R,. Hence R. = S; + S2 where S; is a subset of R, but 
no point of S2 belongs to Ri. The point-set S; cannot contain a limit point of 
S.. Hence, by Axiom 2, S; must contain a point P which is a limit point of 
S;. Clearly P must be on the boundary of R,. Thus R, would contain a 
point ot AXB or of ACB. But this is contrary to hypothesis and (2). It 
follows that R; and R; have no point in common. 

THEOREM 25. Under the same hypothesis as in Theorem 24, 


R= AXB +R + Re. 


Proof. Suppose it is not true that R= AXB+Rh,+R,. Then, by 
hypothesis and Theorem 24, R = AXB + Ri + R. + Y where the point- 
sets AXB, R,, R., and Y are mutually exclusive. It is clear that no one 
of the three sets R,, R:, and Y contains a limit point of either of the other 


* Hereafter in this paper, “closed curve” will be considered synonymous with “simple 
closed curve.” 

t If AzB is an arc, AXB denotes the point-set AXB—A-—B. Likewise if AB is an arc, 
AB denotes the point-set AB — A — B. 
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two. Let E denote a point of Y. By Theorem 16 there exists an arc EX 
lying entirely in R. There exists a point O (Fig. 1) which is the first point 
that EX has in common with AXB. Let OE denote the interval of EX 
whose endpoints are 0 and E. Now, (1) OE — O is connected, (2) every point 
of OE — O belongs to R; or to Rz or to Y, (3) no one of the sets R,, Re, and Y 
contains a limit point of either of the other two. It follows that since E be- 


Fic. 1 


longs to Y therefore OE — O is a subset of Y. Let F denote a point of R;. 
The point O divides the are AXB into two arcs AAO and BBO. There 
exists about A a region 7’ which contains no point of the closed point-set 
F+OBB+J. The region 7’ contains at least one point G in common with 
R,. By Theorem 16 there is an are FG lying entirely in R, and an are GA 
lying entirely in 7. It can easily be shown that the point-set FG + GA 
contains as a subset an are FH such that H is in T and on the boundary of R, 
(and therefore on AAQ) while FH — H is a subset of Rj. Similarly there 
exists an arc FK such that K is a point of OBB and FK — K isa subset of R:. 
The point-set FH + FK contains as a subset an are HP, K. Clearly HP; K 
is a subset of R,. Likewise there exist a point H between A and H, a point K 
between B and K and an are HP; K such that HP, K is a subset of Rz. Let 
J denote the closed curve HP, K + KK + KP, H + HH. By Theorem 21, 
R (the interior of J) is a subset of R. But P; is on J and is therefore a limit 
point of R. Moreover P; belongs to R; and no point of R, is a limit point 
of AXB or of R, or of Y. It follows that R must contain at least one point 
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of R,. Similarly P, is a limit point of R and R must contain at least one 
point of R,. Since D and E are without the region R, therefore there exists 
an are DE lying entirely without R,. There exists on ADB a point L which 
is the first point that ED has incommon with ADB. The point-set EL — L 
lies in R and contains no point of AXB. It easily follows that EL — Lisa 
subset of Y. But EO — Oisa subset of Y. It follows that there exists an 
arc OL such that OL is a subset of Y. Hence OL contains no point of J. 
But L is without J. Therefore 0, and consequently HOK, is without J. 
Hence every point of R belongs to R,, R2, or Y. But no one of these three 
point-sets contains a limit point of either of the other two and it has been 
shown that R contains at least one point of R,; and at least one point of Re. 
Hence R is not connected. But this is contrary to Axiom 2. Thus the 
supposition that Y exists leads to a contradiction. It follows that 


R= +R, + AXB. 


THEOREM 26. If A and B are distinct points and ACB, ADB, and AFB 
are three arcs no two of which have any point in common except A and B , then the 
regions which are bounded by the closed curves ACBFA, ACBDA, and ADBFA 
respectively are not mutually exclusive. 

Proof. Denote the curves ACBFA, ACBDA, and ADBFA by J, J1, J2, 
their interiors by R, R,, Re and their exteriors by E, E,, Es respectively. 


Fia. 2 


Suppose that R, R,, R:z are mutually exclusive. Then E contains ADB, R,, 


and R,. It may be easily proved with the assistance of Theorems 17 and 13 
that E contains at least one point which does not belong to R,, Re, or ADB. 
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Let Y denote the set of all such points. It is clear that Y is composed of all 
points that are common to FL, E,,and E,. Let P (Fig. 2) be a point of Y. 
There exists an arc PD which lies entirely in E. Let O be the first point 
that PD has in common with ADB. Then PO — 0 is clearly a subset of Y. 
Similarly there exists an arc PO, such that 0, is a point on ACB and such 
that PO, — 0, is a subset of Y. It can easily be shown* that there exist 
points G,, G., Hi, He lying on ADB in the order AG; G. OH, H, B and ares 
G, P; Hy, Ge P2 He such that G; P; HM, and He lie in R; and re- 
spectively. Let J, Ji1, Je denote the closed curves G; P; H; He Ps Go Gi, 
G, P; H, OG,, G2 P2 H, OG: respectively. Let R, R,, Re denote their re- 
spective interiors. It follows from Theorem 21 that R,; and R, are subsets 
of R, and R, respectively. 

There are three cases to be considered. 

Case I. Suppose that 0 lies in R. Then, by Theorem 25, 


R=R, +R + G: 


It follows that if O is a limit point of a point set M then M must contain a 
point of A; or of Ry or of G,OH,. But 0 is a limit point of PO — O and 
PO — O contains no point of R, + R2 + GeOH.. Thus the supposition that 
0 is in R leads to a contradiction. 

Case II. Suppose that A is in R. Then J lies in R. But 0, is a point 


of J and PO, contains no point of J. Hence P is in R. Similarly every 
other point of Y isin R. But Y contains an infinite set of points that has 
no limit point. Hence, by Theorem 13, Y is not a subset of R. Thus the 
supposition that A is in R leads to a contradiction. 

Case III. Suppose that neither 0 nor A is in R. Then no point of J, 
or of ADB is in R. Hence R is a subset of R+R, +R. + Y. But R is 
connected and no one of the point-sets 2, R., R,and Y contains a limit point 
of one of the others. Hence 2 cannot contain a point of one of these point- 
sets and also a point of one of the others. Therefore R must be a subset of 
either R, Ri, R2,or Y. But P; and P2 are both limit points of R and more- 
over P,; isa point of R, and P2 isa point of R.. Hence either (1) R, contains 
a limit point of R, R., or Y or (2) Re contains a limit point of R,;. Thus 
the supposition that R contains neither 0 nor A leads to a contradiction. 

It follows that R, R,, and R, are not mutually exclusive. 

THeoreM 27. If the points A and B separate the points C and D on the 
closed curve J and AXB is an are such that AXB is without J then (1) either 
D is without AXBCA or C is without AXBDA, (2) If D is without AXBCA 
then C is within AXBDA and the interior of AXBDA = ACB + the interior 


of ACBDA + the interior of AXBCA. 


* Cf. proof of Theorem 25. 
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Proof. (1) Suppose D is not without AXBCA. Then ADB is within 
AXBCA. Hence, by Theorem 24, Cis without AXBDA. 

(2) Suppose that D is without AYBCA. Then ADB is without AXBCA. 
Let R and R, denote the interiors of ACBDA and AXBCA respectively. 
Suppose that R and R,; have a point in common. Then Rk, = M+ MM, 
where M is a subset of R but no point of M, belongs to R’. Neither of the 
point-sets M and M, can contain a limit point of the other one. Thus Axiom 2 
is contradicted. It follows that if D is without AX BCA then the interiors 
of AXBCA and ACBDA can contain no point in common. If at the same 
time C were without AXBDA it would follow that the interiors of ACBDA, 
AXBDA, and AXBCA are mutually exclusive. But this would be contrary 
to Theorem 26. It is thus established that if D is without AX BCA then C is 
within AYBDA. It follows by Theorem 25 that in this case the interior of 
AXBDA = ACB + the interior of AX BCA + the interior of ACBDA. 

TuEoreM 28. If O is a point on the closed curve J and R is.a region about O 
then if M denotes either the interior or the exterior of J, there exists a simple 
continuous are AXB such that (1) A and B are on J, (2) AXB is common to 
M and R, (3) of the two arcs into which A and B divide J that one which contains 
O lies in R. 

Proof. By Axioms 6 and 7 there exist in R regions L and L such that L 
contains 0, L lies in M and all those points of J which lie in L belong to the 
boundary of L. There exist on J two points A; and B, such that the are 
A; OB, (on J) lies in L. Since A; OB, is in LZ and on J it must be a part 
of the boundary of L. There exist on A; OB, points A, and By in the order 
A; A, OB, B,. There exist regions R, and R, about Az and By respectively 
such that R, contains no point of A; B; O and R, contains no point of B; A, 0, 
where A; B; O and B; A; O are intervals of J. There exist in L three distinct 
points P, C, and D such that C isin R, and D is in R,. There exist in L 
arcs PC and PD. In R, and R, respectively there exist ares CAz and DB. 
The point-set A2C + CP + PD + DB, contains as a subset an arc AXB 
satisfying conditions (1), (2), and (3). 

THEOREM 29. If on the closed Jordan curve J the points A and B separate 
the points C and D and AXB and CYD are arcs such that AXB and CYD are 
either both within or both without J then AXB and CYD have at least one point 
in common. 

Proof. Case I. Suppose that AXB and CYD are both within J. By 
Theorem 25, R = R, + R, + AXB, where R, R,, and Rz are the interiors 
of J, AXBCA, and AXBDA respectively. There exists about C a region K 
containing no point of R;:. Since C is a limit point of CYD, K contains a 
point P belonging to CYD. The point P is in R, while D is without R,. 
Hence the interval PD of the arc CYD contains a point on the boundary 
of R,. Every such point must be on AXB. 
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Case II. Suppose that AXB and CYD are both without J. Then, by 
Theorem 27, either C is without AXBDA or D is without AXBCA. Suppose 
that C is without AYBDA. Then R; = R+ ADB+ R, where R, Ri, 
and R: are the interiors of J, AXBCA, and AXBDA respectively. The 
point D is a limit point of CYD. Hence R, contains a point P belonging to 
CYD. But CYD contains no point of R’. Hence P belongs to Rz. But C 
is without R.. Therefore the interval CP of the arc CYD contains a point 
in common with the boundary of R:. Every such point must be on AXB. 

TueoreM 30. Under the same hypothesis as in Theorem 29, the interiors of 
AXBDA and CYDBC have at least one point in common. 

THeoreM 31. If CD is an arc, B is a point of CD, and BX is an are which 
has no point except B in common with CD and R is a region containing B then 
there exists in the reyion R an arc EFG such that (1) the points E and G are on CD 
in the order CEBGD, (2) the segment EBG of CD lies in R, (3) EFG has no 
point in common with CD, (4) there exists on BX a point H such that the seg- 
ment BH of BX is (except for the point B) entirely within the closed curve 
EFGBE. 

Proof. About B (Fig. 3) there exists a region R which contains neither 
C nor D. There exists an are CYD which lies entirely without R. There 
exist points C, and D, such that C; is the last point that CYD has in common 
with CB and D, is the first point following C, that CYD has in common 
with BD. The are C, X; D; (on CYD) has no point except C; in common 


P, 


with CD. About B there is a region K which contains no point of the closed 
point-set CC; + C, X,D,+D,D. The regions K and R contain in com- 
mon a region R, which contains B. By Theorem 28 there exists an arc 
E, F, G, such that (1) the points FE; and G, are on CD in the order C, E, BG, D, 
(2) the closed curve E; F; G; BE, is a subset of Ri, (3) E; Fi G; is a subset 
of the interior of the closed curve C; X¥; D; BC,. About B there is a region H 
containing no point of the closed point-set CE; + £,F:6,+6,D. The 


| 
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regions H and R contain in common a region R; that contains B. By The- 
orem 28 there exists an arc E, F, G2 such that (1) the points E, and G2 are 
on CD in the order C; E; BG, G; Di, (2) the closed curve E2 BE, 
is a subset of R2., (3) E, Fz Ge is a subset of the exterior of the closed curve 
E, Fi BE,. The curve E, Gz G; F; encloses a Jordan region R;. 
By Theorem 25, R; = + + where R; and are the interiors 
of E, Fi G; BE, and E, F, Gz BE, respectively. Since the connected point- 
set BXA contains no point of E, BG; therefore it cannot contain a point in R; 
and also a point in R,. But since B is a limit point of BX the latter must 
contain points in either R; or R.. It follows that there exists on BX a 
point H such that the point-set BH — B is a subset of R, or a subset of Re. 

THEOREM 32. If, in a domain H, AB is an arc, Ai, Bi, and D are three 
points on AB in the order AA, DB, B and A, X, B, is an are which has no 
point in common with AB except A; and B,, and finally C is a point in R, the 
interior of the closed curve A; X; DA,, then there exists, in H, an are CB 
which has no point except B in common with AB. 

Proof. There exists an infinite sequence of regions, Ri, Re, R3, --+ satis- 
fying conditions (1), (2), and (3) of Theorem 5 except that P is replaced by B. 
A point P belonging to AB is said to be in Class I it there exists, in H, a 
system of points A3, ---, An, Be, Bs, --+, Bn on AB and arcs Az Xe Bo, 
-++, An Xn By such that 

(1) A; and B; separate A;,; from Bj, (1sSi<n); 

(2) P lies between A, and B,; 

(3) A; X; B; has no point in common with AB (1 <isn); 

(4) the interior of the closed curve A; X; B; Bj; A; (1 < in) does not 
contain either of the points C and B; 

(5) there exists on B; X; A; a point H; such that B; H; — B; lies in Ris, 
the interior of Aint B; Biss X (1 = < n ) 
Under these conditions the arc DP is said to be covered by the set of ares 
A, X1 Bi, Az Bo, +++, An Xn Bu. 

Suppose there exist on AB points that do not belong to Class I. Let 
Class II denote the set of all such points. Then there exists on AB a point O 
which, in the order from A to B on AB, is either the last point in Class I or 
the first point in Class II. About 0 there is a region R that lies in H and con- 
taining neither C nor B nor any point of the interval AB, of the are AB. 
There exist* points A,, Az, Bi, Bz on AB in the order AA; Az OB B, B and 
arcs A; X; Bi, A: X2 Bz, having no point in common with AB except their 
endpoints, such that the closed curves A; X; B; OA; and As X2 Bz OA; lie in 
R and such that the interiors of these closed curves have no point in com- 
mon. The are DA: can be covered by a finite set, G, of arcs. It followst 


a Cf. proof of Theorem 31. 
{ Cf. proof of Theorem 31. 
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that DO may be covered by a finite set, G, of arcs composed of a subset of 
G together with either A,X; B; or A> X2 Bz and possibly* one additional arc. 
But if G covers DO it must also cover DP2 where P2 is some point that follows 
O and therefore belongs to Class II. Thus the supposition that Class II exists 
leads to a contradiction. Hence if P is any point of AB, DP can be covered 
by a finite set of arcs. It easily follows that there exists an infinite set of 
ares Ay X2 B., A; X3 B3, --- which satisfy conditions (1), (2), (3), (4), and 
(5) (© being substituted for n) and are such that, if m is a positive integer, 
there exists 5 such that if n > 6 then A, X, B, B,-1 A, is a subset of Rn. 
Let R; denote the interior of the closed curve A; X; B; B;-1 A;. For every 
i, R; has a point in common with Ri. By Zermelo’s postulate there exists 
a sequence of points P,, P2, P3 --- such that P; is common to R; and | 

There exists in R, an are CP, and in R; (i > 1) anare P;_, P;. There exists 
a point P» which is the first point that CP; has in common with P; P;. The 
arc CP. (on and the arc (on P; constitute together an arc 
CP,. Similarly there exists an are CP; formed by the are CP; (on CP2) 
together with the arc P; Ps (on Pe P;) where P; is the first point that CP, has 
in common with P, P;. In general CP;,;, denotes CP Piss where 
Pi: is the first point that CP; has in common with P; P;,,. For a given 
n there exists nz such that if n > nz then CP, contains CPz. It follows that 
for a given n there exists an arc CX, which is common to all the arcs CP,,, 
CPrii, CPns2, +++, and contains every other are which is common to tie 
arcs of this sequence and has C for one end point. For every m, CXn, 
contains C'X,, and there exists r such that CX,, is a proper subset of CXm4,. 
Let 7 denote the point-set B + CX, + CX,+.---. It will be shown that 7 
satisfies Lennes’ definition of a Jordan are from C to B. 

First 7 is closed. For suppose that P is a limit point of 7 that does not 
belong tor. Then clearly P is not a limit point of any single CX,. But 
if R is a region about B then there exist m and 6 such that (1) R;, is a subset of 
R, (2) for every n greater than 6,7 — CX, isa subset of Ri. But P is a 
limit point of r — CX,. Hence Pisin R. It follows that P is identical with 
B. Thus the supposition that P does not belong to 7 leads to a contradic- 
tion. It follows that 7 is closed. It is easily seen that B is a limit point of 
CX, + CX2+ --+ and that 7 is connected and contains no proper connected 
subset that contains B and C’. Thus 7 is a simple continuous arc from C to 
B. Clearly it contains no point of AB except B. 

THEOREM 33. If A is a point on the boundary of a region R, B is a point in 
R, and AB is an are such that AB is in R, then R — AB — A) is connected. 

Proof (on the basis of Axioms 2-5, 8 and Theorems 5, 15, and 32) for the 


* An additional are may be necessary in case A, or A: coincides with an endpoint of some 
arc of the set G. 
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case where the boundary of R is a closed curve J. On J (Fig. 4) there is a 
point O different from A. About O there is a region R which contains no 
point of AB. The region R contains a point C in common with R. There 
exists an arc BC such that BC is in R and an are CO lying in R. The 
point-set BC + CO contains as a subset an arc DE where D is a point of 
AB, E is a point in R and on J and DE is a subset of R — (AB — A). 
The arc ADE divides R into two regions of which one contains DB — D 
and the other one contains no point of AB. Let L denote the latter region 


and let F denote a point in ZL. By Theorem 32 there exists an arc FB 


which has no point in common with AB. Let AXE denote that arc 
from A to E on J which forms a part of the boundary of L. About X 
there is a region K which contains no point of AD+ DE. The regions 
K and L have a point Yin common. There exists in Z an are FY and in K 
an arc YX. The point-set BF + FY + YX contains as a subset an arc 
BT where T is a point on J and BT is a subset of R—(AB—A). The 
points A and T divide J into two ares AMT and ANT. By Theorem 25, 
R=R,+R.+ AB+ BT, where R; and R, are the interiors of ABTMA 
and ABTNA respectively. Suppose now that P; and P, are two points in 
A). If P; and are both in R, or both in R, there exists 
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an arc P, P, lying entirely in R; or entirely in R,. Suppose P; is in R; and 
P,is in R,. There exists on BT a point Z. About Z there is a region R; 
containing no point of AB. There exist arcs P; Z, and P2 Z2 such that 
P,; Z; is in Ri, P2 Zz isin Re and the points Z; and Z2 are in R; and on the 
boundaries of R; and R, respectively and therefore on BT. If Z, Zz. denotes 
that arc from Z,; to Z, which is a subset of BT then P; Z; + Z; Z2 + Z2 P2 
is an are from P; to P; lying in R— (AB—A). The case where one or 
both of the points P; and P2 is on DE can be easily treated. It follows that 
every two points in R — (AB — A) can be joined by an arc lying entirely 
in R—(AB—A). Hence R — (AB — A) is connected. 

TuEoreM 34. If J is a Jordan are and AB is an are lying wholly in R, 
the interior of J, then R — AB is connected. 

Proof (on the basis of Axioms 2-5, 8 and Theorems 5, 15, and 32) for the 
case where the boundary ot Ff isa closed curve J. There exists an are A; X; By; 
such that A; and B, are on AB in the order AA; B,; B but A; X; B, has no 
point in common with AB. There exists a point X in the interior of the 
closed curve formed by the are A; X; B, and the interval A; OB, of the arc 
AB. By Theorem 32 there exist ares YA and XB such that neither XA nor 
XB has a point incommon with AB. The point-set YA + XB contains as 
a subset an are AYB. About Y there is a region R which contains no point 
of AB. On J there is a point P. There exists an arc PE such that PE is 
without AYBOA and such that E is on AYBOA and in R (and therefore not 
on AB). The are PE, the are from E to A on AYB and the are AB con- 
stitute together an are PEAB. By Theorem 33, R — (PEAB — P) is con- 
nected. It easily follows that R — AB is connected. 

Proof of Theorems 33 and 34 (on the basis of Axioms 2-5, 8 and Theorems 
5, 15, 32, and 31) for the case where R is any region.* Suppose C and D are 
two distinct points in R but not on the are AB. There exists, in R, an are 
CA. Let X denote the first point that CA has in common with AB. Sup- 
pose X is distinct from A. By Theorems 31 and 32, some point F on XA 
can be joined to A by an are AF such that AF —A is a subset of 
(R+B)-—AB. It follows that there exists, in R, an are CA that has no 
point except A-in common with AB. Likewise there exists in R an are DC 
having no point except C in common with the are CAB. 


7. CONSEQUENCES OF Axioms 2-5, 8 AND THEOREMS 5, 15, 20, 33, AND 34 


THEOREM 35. Every region contains at least one simple closed curve. 
Proof. Suppose R is a region. By Theorems 4 and 16, there exists in R 
a simple continuous are AB. On AB there is a point X distinct from A and 


* This proof is a modification of a proof due to Mr. J. R. Kline, one of my students. 
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from B. By Theorem 23, R contains a point C which is not on AB. By 
Theorems 34 and 15 there is, in R, a simple continuous are AC which has no 
point in common with XB. Let O denote the last point that AB has in 
common with AC. There exists an arc XOC consisting of XO (on BA) 
together with OC (on AC). On OC there is a point 7. By Theorem 34, 
there is in R an are BC which has no point in common with XOT. There 
~ exist E and F such that £ is the last point that BC has in common with 
BA and F is the first point that OC has in common with EC. Clearly EO 
(on BA) + OF (on OC) + FE (on CB) is a closed curve lying wholly in R. 

THEOREM 36. If O is a point in a region R there exists a simple closed 
curve which lies in R and encloses O. 

Proof. By Theorem 4 there exists in R a point X distinct from 0. By 
Axiom 1 there exists about X a region which lies in R and does not contain 0. 
By Theorem 35 this region contains a closed curve J (Fig. 5). By Theorem 21, 
is without J. OnJ thereisa point In Rthereisanare A;0. There 
exists a point A which is the last point that A; 0 has in common with J. The 


arc AO has no point except A in common with J. By Theorem 19 there exists a 
point C on the boundary of R. There exists about C a region R containing no 
point of the closed point-set OA + J + I, where J is the interior of J. The 
region R contains at least one point D of R. On J there is a point B, distinct 
from A. By Theorem 34 there exists,in R-AO,anarc B,D. Let B denote 
the last point that B; D has in common with J. There exists in R an are DC. 
The are DC can contain no point of OA+J+I]. Let E be the last point 
which DC has in common with BD. Then BE (on BD) + EC (on DC) is 
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an are BC every point of which, except C,, is in R and no point of which, except 
B, belongs to OA +J+I]. The points A and B divide the curve J into 
two ares AF; B and AH, B. There exists, about F,, a region R, which con- 
tains no point of the closed point-set OA + AH,B+ BC +(S—R). 
By Theorem 20, R; contains a point L notin J+J]. There exists in R an 
arc LF,. There exists a point F which is the first point that LF, has in com- 
mon with J. By Theorem 33 there is, in R, an are LH, which has no point 
in common with 0A + AF; B+ BC. There is a point H which is the 
first point that LH, has in common with J. The point-set LF (on LF,) + LH 
(on LH) contains as a subset an are FZH which, except for its endpoints, 
is a subset of R—(J+J]). By Theorem 21 the interior of the closed 
curve ZHAFZ is in R. Hence C is without ZHAFZ. Therefore if B were 
within ZH AFZ, BC would have a point in common with ZH AFZ and there- 
fore a point in common with LF, or LH; or J. It follows that B is without 
ZHAFZ. Hence, by Theorem 27, A is within the closed curve ZHBFZ. 
But the are OA contains no point of ZHBFZ. Hence O is within ZHBFZ. 

TueorEM 37. If J and C are simple closed curves, O is a point on J but 
not on C, A; and A, are distinct points common to C and J and A, X Az is an 
are on C such that A, X Ae lies within J then there exist two points 0, and O- 
distinct from O such that 

(1) O; and O2 lie on the arcs* A, O and Az O respectively, 

(2) there is on the curve C an are O; YO. such that O, YO: is within J, 

(3) if By and Be are points on the arcs* 0, O and O2 O respectively such that 
there exists on C, from B, to Bz, an are which, except for its endpoints, lies 
entirely within J , then By, = O, and Bz = Oz. 

Proof. Let M, be the set of all points [P;] on A; O such that P; can be 
joined to some point of Az 0 by an are of C which, except for its endpoints, 
lies within J. Let Mz, be the set of all points [P2] on Az O such that P2 
can be joined to some point X of M, by an are of C which, except for its end- 
points, lies within J, but such that no point between P2 and O on Az O can 
be so joined to the same point X. Suppose that Z,; and W, are two distinct 
points of M,, Z2 and We are points ot Mz and Z, Z, and W, We are arcs 
such that Z; Z. and W, W,2 are within J. The ares Z; Z. and W; We can 
have no point in common.t Hence, in view of Theorem 29, it is clear that 
if W, is between Z,; and O on the arc A; O then W, must be between Z, and 
O on the are A. 0. 

If Theorem 37 is false there exists a point Z; on A; O and a point LZ, on 
Az O such that LZ; is a limit point of M,, L2 is a limit point of M2, but LZ; OL, 

* Here A, O, A2O, 0:0, and O20 denote intervals of the are A; OAz on J. 


t Two arcs of a closed curve can have no point in common unless one of them contains an 
endpoint of the other one. 
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contains no point either of M, or of Mz. On the curve C there exists a point 
E such that, on C, A; and L2 separate [; from E. On the C-are A; L; IT, E 
there exist points F and G in the order ZL; FGL,. Since LZ; and Lz are limit 
points of M, and M, respectively therefore M, contains two distinct points 
P, and P; and M, contains two distinct points P, and P» such that (1) on the 
arc A; L; Ly E, P; and P; lie between A; and F while P2 and P, lie between 
E and G, (2) there exist, on C, ares P; P2 and P, Ps such that P; P, and 
P, Pz lie entirely within J. 

~ Since A; is on J, neither P; P: nor P; P: can contain A;. Hence both of 
these ares contain F and G. But it has been previously established that 
P,P, and P,P, have no point in common. Thus the supposition that 
Theorem 37 is false leads to a contradiction. 

TuHeEorEM 38. If J and C are closed curves, O is a point on J but not on C, 
A, and Az are distinct points common to C and J, and A; X Az is an are on C 
such that the interior of the closed curve A, X Az OA, is a subset of the exterior 
of J then there exist two points O, and O2, distinct from O, such that (1), on the 
interval 0, OO» of the curve J, O is between O, and A» and between O2 and Aj, 
(2) there is on the curve C an are O, YO. such that O,; YO2 and the interior of the 
closed curve 0; YO. OO; are subsets of the exterior of J, (3) uf the exterior of J 
contains B, ZB, and the interior of the closed curve B; ZB, OB, where B, and B 
are points on that are of J from O, to O2 which does not contain O, and B, ZB, 
as an arc of C, then B, = 0; and Bz = 02. 

TueorEeM 39. If O is a point on a closed curve J then every point not on J 
can be joined to O by an are having no point except O in common with J. 

Proof. It may be easily shown with the help of Theorems 5 and 36 that 
there exists a sequence of closed Jordan curves J;, J2, «+: , such that (1) the 
interior of J; does not contain J, the interior of J, (2) for each n, Jn41 lies 
in I, , the interior of J, , (3) O is the only point that the regions J,, J, --- have 
in common, (4) it Q is a region about O there exists n such that J} lies in Q. 

By Theorem 20, J, contains at least one point of E, the exterior of J. 
Hence, by Theorem 18, E = E, + E, where E,, is a subset of I, but no point 
of E, belongs to I,. By Axiom 3, E, must contain a point P which is a limit 
point of £,. Every such point P must belong to J,. With the use of (1) 
it may be shown that J contains a point of J,. Thus J, contains a point 
within J as well as a point without J and therefore it must contain at least 
two points in common with J. 

It follows that there exist, on J, two points A and B (Fig. 6), belonging 
to J,, such that no point of J,, except A and B, is on the are AOB. If 
X is a point of J, that lies in J then J, and J have in common two points 
A, and B, such that the J,-arc A, XB, lies (except for its endpoints) in J. 
By Theorem 37 there exists a J,-are A, B, such that 
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(1) A, is A; or is on J in the order B, A, Az 

(2) B,is B, or is on J in the order A, B, B, O, 

(3) A, B,isinTI, 

(4) it Y and Z are points on J on the ares* A, O and B, O respectively 
such that an arc of J, from Y to Z lies (except for its endpoints) in J, then 
Y = A, and Z = B,. It is clear that, for a given n, the are A; B, is com- 
pletely determined by the point XY. For every X on J, that lies in J construct 
the corresponding A, B,. Let J, denote the point-set which is composed of all 


the A, B,’s so constructed together with every point F on J which has the prop- 
erty that for no X is F separated from O by A, and B,. It may be easily 
proved that J, is a closed Jordan curve. By Theorem 21, In (the interior of 
J,,) isa subset of I. That J, is a subset of J, may be proved as follows. 

Let F be a point of J, that does not belong to J,. The curves J, and J 
have in common two points C and D such that the J-are CFD contains no 
point of J,. About F and O respectively there exist regions R; and R, neither 
ot which contains a point ot the closed point-set J, + (J — AOB — CFD). 
Since F and O are on its boundary the region J, contains a point P; in Ri 
and a point P, in R,. There exists an are P; P, lying entirely in I, and there- 
fore having no point in common with J,. It easily followst that there exists 
an are 7’; 72 such that (1) 7; is on J and in FR and therefore on CFD, (2) 7; 


is on J and in FR, and therefore on AOB, (3) 7; Tz; isin I,. But neither 


* Here A, O and B, O denote intervals of B, A, O and A, B: O respectively. 
t Cf. proof of Theorem 25. 
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AOB nor CFD contains a point of J,. It follows that F can be joined to 0 
by an are FT,{ + 7; T2 + T; O* that bas no point in common with J,. 
But O is within J,. Hence F also is within J,. Thus every point ot Jn is 
either on or within J,. Hence J, is a subset of 7 

For every n, Ins: is a proper subset of J,. In J, there is a point P; not 
belonging to In. In Is there is a point There exists an are P; lying 
in J;. Since the regions J,, Jz, --- have no point in common there exists ne 
such that P; P, contains a point-P,, lying in J,, but contains no point in 
Ingti+ In there is a point P,,41. There exists an are Py, lying 
inI,,. Let Pp», denote the first point that P; has in common with Pp, Pa +1. 
Similarly there exists n3 such that P,, P,,41 contains a point P,, in In, but 
no point in J,,,:. There exists in J,,,; a point P,,,; and in J,, an are 
Pr, Pai. Let P,, denote the first point that P,, Pn«1 has in common 
with P,, Pn+1. Continue this process. In general, if k > 1, there exists 
Such that P,, contains a point P,,,, in I,,,, but no point in 
There exists in a point and in J,,,, an are Pn,,, 


The first point that Pp, has in common with Pn,..41 is denoted 


Nel 


by P, wi: It may be easily proved that the point-set 0 + P; P,, (on P; P2) 
+ Pra, Pn, (on Pry Pret) + Pn, Pn, (on Pn, + +++ is an are from Py 
to 0. This are P; O lies in I and has no point except 0 in common with J. 
If P is any point in J other than P, there exists an arc PP, lying in I and the 
point-set PP; + P; O contains as a subset an are PO which has no point 
except 0 in common with J. 

That a point without J can be so joined to any point of J may be proved 
in a similar manner. 

THEOREM 40. Jf A and B are two points on a Jordan curve J, A and B 
can be joined by Jordan arcs AXB and AYB such that AXB is within J and 
AYB is without J. aan 
- Tueorem 41. If J; and J» are two closed Jordan curves whose interiors 
I, and I, have a point O in common then there exists a Jordan curve J, every 
point of which belongs to either J, or Jz, such that I, + Iz is a subset of I, the 
interior of J. 

Proof. Case I. Suppose J; and J; have not more than one point in com- 
mon. Then, since J; and J, have a point in common, it easily follows that 
either J; is in Jz or Jz isin J,;. In the former case J is Jz. In the latter case 
it is J; 

Case II. Suppose J; and J2 (Fig. 7) have at least two points in common. 
If every point of J; is within or on Jz then J is Jz. Suppose that at least one 
point P of J; is without J2 and at least one point of J2 is without J;. Then 
there exist two points A and B common to J; and J2 such that the are APB 


* Here FT, and T2O denote intervals of CFD and AOB respectively. 
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of J; lies (except for its endpoints) entirely without J,. The points A and B 
divide J, into two arcs. By Theorem 27, one ot these arcs, ACB, is such 
that the curve PBCA contains J,. Let ADB denote the other are of J» 
from A to B. By Theorem 38 there exist, on the arc BCA, points A, and B, 
such that A and A, do not separate B from B, and such that (1) there exists 


Bp 


Fic. 7 


an interval A, XB, of J, lying entirely without J2 except for its endpoints 
and such that if C is a point on J, that is separated from D by A,and B, then 


A, XB, CAp includes I, within it, (2) if Z and W are points on A, C and B, C 
respectively and there is, on J;, an are ZV W lying entirely without J» except 
for its endpoints and such that ZV WCZ includes J, within it then Z = A, 
and W = B,. The curve A, XB,CA, contains within it or on it every 
point of the curve PAA, CB, BP and every point of the curve J2. For 
every point P which is on J; but without J2 construct the corresponding arc 
A, XB,. Call this are tp and let k, denote that interval of J. from A, to B, 
which has the property that the interior of the closed curve t, + kp is entirely 
without J2. Let J denote the point-set composed of all such arcs t, together 
with the set of all points [Y] on J2 such that for no P is Y on the arc kp. 
It may be proved that J is a closed curve satisfying the requirements of 
Theorem 41. 

THEOREM 42. If the sum of the interiors of a finite set G of closed curves 
is a connected point-set then there exists a closed curve J such that (1) every point 
of J belongs to some curve of the set G, (2) the interior of J contains the interiors 
of all the curves of the set G. 

TueoreM 43. If the point O of the closed curve J is within every curve of the 
finite set of closed curves G and the interior of J is not a subset of the interior of 
any curve of the set G then there exist curves J, and J» containing O such that 
(1) every point on J, or on J» belongs to J or to some curve of the set G, (2) every 


J, 
X 
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point within J; is without J while every point within J2 is within J, (3) every 
point within J, or within J is within every curve of the set G. 

THEeorEM 44. If the point O of the closed curve J is without every curve of 

the finite set of closed curves G and every curve of G has at least one point in com- 
interior 

mon with the 
xterior 
such that (1) every point of J belongs either to J or to some curve of the set G, 
(2) every point is 
within within 

TuEorEM 45. If O is a point on a closed curve J and R is a region con- 
taining O then there exists an arc AXB such that (1) A and B are on J, (2) 
the segment AOB of the curve J is in R, (3) AXB and the interior of AOBXA 
are in R and without J. 

Proof. On J there is a point P different from 0. There exists about 0 
and within R a region K that does not contain P. By Theorem 36, there is 
in K a closed curve J enclosing 0. There exist on J two points A and B 
such that the segment AOB of the curve J is within J. By Theorem 40 there 
exists an arc AYB such that AYB is without J. It easily follows with the 
aid of Theorem 27 that either the interior or the exterior of AYBOA is a 
subset of the exterior of J. Hence by Theorems 21 and 43 there exists an 
arc AXB such that AXB and the interior of AXBOA are in R and without J. 

TueoreM 46. If the closed curve J has no point in common with the closed 
set of points K then there exist closed curves J, and J2 such that J lies between* 
J, and J» but no point of K lies between J, and Je. 

Proof. If P is a point of J there exists, about P, a region R containing no 
point of the closed point-set K. By Theorem 45 there exist two points A 
and B and an are AXB such that (1) A and B are on J, (2) the segment 
APB of the curve J is in R, (3) AXB and the interior of APBXA are in R 
but without J. It easily follows with the aid of the Heine-Borel Theorem 
(as applied to a set of segments py a closed curve) that there exist a 
finite set of J — arcs A; Bi, Az Bz, --- An Bn, and associated closed curves 
Ji, J2, Js, +++ Jn, such that 

(1) A; B; contains a segment in common with A;_; B;1f and a segment in 
common with A;,; B;,:, but contains no point in common with any other 
A; B; ’ 

(2) the curves J; and J contain only the are A; B; in common, 

(3) the interior of J; is without J, 

(4) neither J; nor its interior contains any point of the set K. 


* A point-set M is said to lie between two closed curves if one of these curves lies within 
the other one and M lies without the first one and within the second one. 
+ It is understood throughout this argument that the subscripts of the A’s and B’s are to 


be reduced modulo n. 
Trans. Am, Math, Soc, 11 


of J then there exists a closed curve J containing O and 


J and without every curve of the set G. 
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Let G denote the set of curves J;, Je, J3, «-* Jn and let U denote the set 
of ares A; B,, Ap Bo, An The are A; contains a point which 
belongs to no other are of the set U. By Theorem 44 there exists a closed 
curve C;,, containing 0;, such that every point of C, belongs to some curve 
of the set G and such that every point within C; is within J; but without 
every other curve of the set @. The arcs A; B, and Aji: Buy: have in com- 
mon an arc By. By Theorem 40 there exists an arc A; P; 
such that A; P; By is a subset of I (the interior of J). The point-set 
(J, — Ay Oy Be) + Ax P; By is a closed curve containing in its interior the 
point P, of the closed curve J; x41. With the assistance first of Theorem 43 
and afterwards of Theorem 44 it may be easily proved that there exists a 
closed curve (;,, containing P;,, such that (1) every point of C; belongs to 
some curve of the set G, (2) every point within C,, is within J; and within 
Ji41 but without every other curve of the set G. It is clear that the curves 
C,, and J have only the are By; 0; Axy1 in common while the curves C;, and J 
have only the are Aj4; Py B, in common. It is clear furthermore that C; 
and have in common an are D; Aj 41 which has no point except in 
common with J. The curves C; and C,_; have in common an are E; By; 
which has no point except B,_; in common with J. By Theorem 40 there 
exist ares D, and such that E; D, lies within C;, and Dy Ex. lies 
within C,. Let J; denote the point-set 


E, Di + Dy + + Dz Es + + E, D, + D, 


It can be proved with the help of Theorem 27 that J; is a closed curve en- 
closing J and such that no point of K is between J; and J. 

Similarly there exists a closed curve J2 lying within J and such that no 
point of K is between J and J2. 

TueoreM 47. If the closed curve J, encloses the closed curve J then the set 
of all points between J, and J2 is connected. 

Proof. Suppose A and B are two points between J; and Jz. Let Re 
denote the interior of Jz. By Theorem 46 there exists within J; a closed 
curve J such that there is no point of the closed point-set A + B + Je + Rz 
between J; and-J. By Theorem 16 there exists an arc AXB in the exterior 
of Jz. The point-set J + AXB contains as a subset an are AYB that lies 
between J; and J2. It follows that the set of all points between J; and J2 
is connected. 

THEOREM 48.* Suppose that K is a closed, bounded set of points and that 
S — K = 8, + S2 where S; and S2 are point-sets such that (1) every two points 
of 8S; (% = 1, 2) can be joined by an arc lying entirely in S;, (2) every are joining 


* Cf. A. Schoenflies, Ueber einen grundlegenden Satz der Analysis Situs, Nachrichten 
der Géttinger Gesellschaft der Wissenschaften, 1902, p. 185. 


| 
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a point of S, to a point of S_ contains a point of K , (3) if O is a point of K and P 
is a point not belonging to K then P can be joined to O by an arc that has no point 
except O in common with K. Every point-set K that satisfies these conditions 
is a simple closed curve. 

Theorem 48 can be proved on the basis of the preceding theorems by an 
argument in large part similar to that employed by Lennes.* He makes 
use of straight lines and polygons but an argument that is in large part similar 
can be carried through with the use of ares and closed curves. Schoenflies 
uses metrical properties. 

DEFINITION. An open curve is a closed, connected set of points M such 
that if P is a point of M then M—P is the sum of two mutually exclusive con- 
nected point-sets, neither of which contains a limit point of the other one. 

It is easy to see that every open curve / satisfies Axioms 1-4, 5’, 6, and 8 
of my papers The Linear Continuum in Terms of Point and Iimitt and On the 
Linear Continuum.§ It follows that Theorems 1-11 of I and Theorem E£ of II 
hold true on /. 

THEeorEM 49. Jf A and B are distinct points on the open curve |, then the 
point-set t composed of A, B, and the segment|| AB of l is a simple continuous are 
from A to B. 

Proof. Clearly t is closed and connected and contains no connected proper 
subset that contains A and B. Suppose ¢ is not bounded. Then / contains 
two points X and Y such that if Z is any point on the ray X Y then the segment 
XZ is not bounded. There exists a closed curve J enclosing X. There exists 
on the ray X Y a countably infinite sequence of points P;, P2, P;, --+ that has 
X as a sequential limit point. The segment XP, contains a point without J. 
It follows that it has a point P, in common with J. There exists, on J, a 
point O which is a limit point of P; + P2+ P;+---. But it is easy to 
see that X is the only limit point of Pi + P,+P;+.---. Thus the 
supposition that ¢ is not bounded leads to a contradiction. Hence ¢ satisfies 
all the requirements of Lennes’ definition of a continuous simple arc from 
Ato B. 

THEOREM 50. Every ray of an open curve contains a set of points that has 
no limit point. 

Proof. Suppose that every infinite subset of the ray OA of the open curve / 


* Loc. cit., § 5. 

{If P is a point of the open curve M and M — P is the sum of two connected point-sets 
M;, and M2, then M, and M; are called rays. 

tAnnals of Mathematics, vol. 16 (1915), pp. 123-133. This paper will be 
referred to as I. 

§Bulletin of the American Mathematical Society, vol. 22 (1915), 
pp. 117-122. This paper will be referred to as II. 

|| For definition of segment see II, p. 120. 
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has a limit point. Then the closed set of points OA + O possesses the Heine- 
Borel property. There exists on / a point D in the order AOD. If Pisa 
point of the ray OA there exists a point B in the order OPB. There exists 
about P a region R containing no point of / that is not on the segment DB. 
It follows that OA+0 is covered by a finite set of regions Ri, R., R3, --+ Rn. 
But for each R, there is a point B, such that every point that R, has in com- 
mon with / lies between D and B,. It follows that there exists on OA a 
point E such that no region of the set R,, R., --+ R, contains any point of 
l that does not lie between O and E. But OA contains points that do not 
lie between O and E. Thus the supposition that / is compact leads to a 
contradiction. 

TueoreM 51. If l is an open curve then S — 1 = S,; + S2 where S; and S82 
are connected point-sets such that every arc from a point of S; to a point of Sz 
contains at least one point of lL. 

Proof. There exists on 1 an arc AOB. There exists about O a region R 
containing neither A nor (. There exists an arc AXB that contains no 
point of R. There exist points A and B such that A is the last point that 
AXB has in common with the ray OA while B is the first point following A 
that AXB has in common with the ray OB. The arc AXB contains a seg- 
ment AXB. This segment has no point except A and B in common with /. 

On / there exist points C and D in the order CAOBD. 


1 = AOB + ray BD + ray AC. 


The ray AC is not bounded. Hence it contains at least one point without 
the curve AOBXA. Hence if the ray AC contains a point within AOBXA 
it must contain a point on AOBXA. But this is contrary to hypothesis. 
It follows that the interior of AOBXA contains no point of 1. About O there 
is a region which contains no point of AXB + ray AC + ray BD. In this 
region there is an are CYD such that C is on OA, D is on OB, and CYD is 
entirely without AOBXA. By Theorem 40 there exists an are CZD such 
that CZD is within AOBXA. The closed curve CYDZC contains no point 
of | except points of COD. The interior of CYDZC = COD + the interior 
of CODZC + the interior of CODYC. Let 0; and O2 denote definite points 
within CODZC and within CODYC respectively. Let S; denote the set of 
all points [ P:] such that P, can be joined to 0; by an arc containing no point 
of 1. Let S_ denote the set of all points [P:] such that P, can be so joined 
to O.. Clearly S; and S; are connected. It remains to show (1) that every 
arc joining a point of S; to a point of S; contains at least one point of /, (2) 
that every point of S — / belongs either to S; or to S2. 

(1) If a point of S; can be joined to a point of S, by an are that 
contains no point of / then 0; can be joined to QO, by such an arc. 


3 

| 
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Suppose 0, WO, is an arc from 0; to 02. Then there exist points 0; 
and 0. such that 0, is the last point that 0, WO. has in common with 
CZD while 0, is the first point following 0, that 0, WO, has in common 
with CYD. The are 0; WO, contains a segment 0; WO, which lies entirely 
without CYDZC. By Theorem 25 the interior of CYDZC lies either within 
0,W0.CO, or within 0,W0,D0,. Suppose it lies within the former. 
Then the ray OD contains a point D within 0, WO. CO,. Hence it contains 


a point on 0; WO, CO,. But the are 0. CO, contains no point of the ray OD. 
Hence 0; WO. must contain a point of this ray. 

(2) Suppose P is a point not lying on/. There exists an are PO. Let G 
denote the first point that PO has in common with /. There exist (Fig. 8) 
arcs KLM and KNM having no point in common except K and M and such 
that K and M are the only points that the closed curve KLMNK has in 
common with / while the interior of KLMNK = KGM + the interior of 


KGMLEK + the interior of GEMNK. It can* be proved that there exist 


P 
Z 
0; 
C O D K G M 
0, 
N 


Fia. 8 


arcs 0, G and O02 G neither of which contains any point except G in common 
with 1. The are 0,G contains either a point within KGMLK or a point 
within KGMNK. Suppose it contains a point 0; within KGMLK. Then 
O02 G cannot contain a point within KGMLK. For if it did then 0; and 0, 
could be joined by an arc containing no point of /. Hence 02 G must con- 
tain a point O02 within’ KGMNK. But PG must contain a point within 
KGMLK ora point within KGMNK. Suppose it contains a point P, within 
KGMLK. Then there exists an arc P; 0; lying entirely within KGMLK 
and therefore containing no point of 1. The point-set PG + P, 0: + 0,4 
contains as a subset an are PO, which contains no point of 1. Hence in this 
case P belongs to S,. If PG contains a point within KGMNK then P belongs 
to S.. Thus every point of S — / belongs either to 8, or to S2. 

THEOREM 52. [If there exists in S a system of open curves such that through 
every two points of S there 1s one and only one curve of this system then there is a 
one-to-one continuous correspondence between S and an ordinary number plane. 


* Cf. proofs of Theorems 46 and 32. 


Al 
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Theorem 52 may be proved with the assistance of Theorem 51 of the present 
paper together with results obtained in my paper On a set of postulates which 
suffice to define a number-plane.* 


8. INDEPENDENCE EXAMPLES 


Let 2; denote the set of Axioms 1-8. In the following, E;+ denotes an 
example of a system in which Axiom 7 is false but all the other axioms of the 
set 2, are true. In each example E; use is made of a well-defined space §;. 
In every case the points of E; are the ordinary points of S; but the regions 
of the various E;,’s are defined in various ways. For every 7, except 1 and 8, 
S; is an ordinary euclidean space ot two dimensions. 

E,. S; is the S, described in example Eis67 of my paper The linear con- 
tinuum in terms of point and limit.t The point (21, y1; 22, ye) is a Limit 
point of the point-set M it and only if Condition I§ is fulfilled. Starting with 
this definition of limit point, one may define the terms are and closed curve as 
in §4. It can be shown that every such closed curve J divides S; into two 
subsets J and E such that every infinite set of points in J has at least one 
limit point. The point set J is called the interior of J. Finally a region is 
defined as the interior of a closed curve. 

E,. A set ot points M is a region if and only if M is either an ordinary 
Jordan region or the sum of two ordinary Jordan regions R, and R, such that 
R; and R; have no point in common. 

E;. A set of points M is a region it and only if M is either an ordinary 
Jordan region or the set of all points lying between two Jordan curves one 
of which encloses the other one. 

E;. S3 is the set of all points on an ordinary straight line. A region is 
a segment. 

E,. A set of points M is a region if and only it M is either a half-plane 
or an ordinary Jordan region. 

E;. Ss; is an ordinary sphere. The point-set M is a region if and only if 
M is one of the two parts into which S; is divided by an ordinary closed curve. 

E,. Choose a set of rectangular axes OX and OY. Let k; denote the 
closed interval from (0, — 1) to (0, 1) together with the point (1/7,0) and 
all points of y = sin 1/z that lie between 2 = Oandx=1/z. Let kp denote 
some definite arc that joins the point (1/7, 0) to the point (0, 1), contains 
no point of y = sin 1/z, except the point (1/z, 0), and lies, except for its 
endpoints, entirely in Quadrant I. A point-set M is a region if and only if M 
 *These Transactions, vol. 16 (1915), pp. 27-32. 

+ For Axiom 3 I give two independence examples, F; and E;. 


t Loe. cit., page 131. 
§ Loc. cit. 
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is either an ordinary Jordan region or the set of points enclosed by ki + ke. 
E,. This example is the same as EF, except that ke is replaced by an arc 
from (1/7, 0) to (0,1) that contains no point of y = sin 1/z, except the 
point (1/7, 0), and furthermore contains no point in Quadrant I. 
E,. Ss is an ordinary euclidean space of three dimensions. A set of points 
is a region it and only if it is the interior of a cube. 


9. CONCERNING 21, 22, AND 23 


Let 22 denote the set of Axioms 1-5, 6’, 7’, 8, where 6’ and 7’ are as 
follows: 

Axiom 6’.* Jf R is a region and AB is an are such that AB — A is a subset 
of R then (R + A) — AB is connected. 

Axiom 7’.{ Every boundary point of a region is a limit point of the exterior 
of that region. 

THEOREM A. Ina space satisfying =, every region is the interior of a closed 
curve. 

Theorem A may be proved with the assistance, in particular, of Axioms 6 
and 7 and Theorem 48. 

Theorems 1-45 are consequences of 2 as well as of 2;. It is not true how- 
ever that in every space satisfying 22 every region is the interior of a simple 
closed curve. Indeed 2-2 is satisfied if in an ordinary euclidean plane the term 
region is applied to every bounded, connected set of points R, of connected 
exterior, such that every point of R& is interior to some triangle that lies in 
R. It is easy however to show that though 2, and X2 are not absolutely 
equivalent, they are equivalent with respect tot point and limit point of a point- 
set as defined in § 2. 

Let =; denote the set of Axioms 1’, 2’, 3, 4, 5, 6’, 7’, and 8, where 1’ and 2’ 
are as follows: , 

Axiom 1’. If P is a point, there exists an infinite sequence of regions R,, 
R., Rs, «++ such that (1) P is the only point they have in common, (2) for every 
n, Rai is a proper subset of R,, (3) if Ris a region about P then there exists n 
such that R'is a subset of R. 

Axiom 2’. Every two points of a region are the extremities of at least one 
simple continuous arc that lies wholly in that region. 


* Cf. Theorems 31 and 32. 

+ Cf. Theorem 20. 

t The statement that 2, and 22 are equivalent with respect to point and limit point as 
defined in § 2 signifies that every statement in terms of point and limit point of a point-set 
that follows from 2, (together with the above mentioned definition of limit point of a point- 
set) follows also from 22 (together with that definition) and conversely. The statement 
that 2; and 2 are not absolutely equivalent signifies that they are not equivalent with respect 
to point and region, the undefined symbols in terms of which they are both stated. 


164 R. IL. MOORE 


Theorems 1-52 are all consequences of 23. Nevertheless there exist 
spaces (see for instance Example FE, of § 8) that satisfy 2; but are neither 
metrical, descriptive, nor separable. If however there be added to 2; the 
axiom that there exists a system of open curves such that through every two 
points there is one and only one curve of this system, the resulting set of 
axioms is potentially metrical and, indeed, is categorical with respect to point 
and limit point of a point-set. See Theorem 52. 
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ON THE GENERALIZED JACOBI-KUMMER CYCLOTOMIC FUNCTION* 
BY 


HOWARD H. MITCHELL 


1. INTRODUCTION 


A number of writers have been interested in the properties of the trinomial 


congruences 
+1 =dy’, mod. q, 


where q is a prime of the form Av + 1, and c, d are integers prime tog. The 
pioneer work in this field was done by Gauss,t who showed that for \ = 3 
the determination of the number of solutions could be made to depend on 
the representation of 4q by the form A? + 27B?, and for \ = 4 on the repre- 
sentation of q by the form A? + B?. 

For the general value of \ the congruence is intimately related to Jacobi’s 
cyclotomic function, 


va, —b (a) = bh+(atb) ind. (g'+1) 
h 


where a is a primitive Ath root of unity, a, b integers such that a = 0,b #0, 
a +b #0, mod. X, g a primitive root, mod. g, and where h ranges over the 
values 0, 1, 2, ---, q — 2 with the exception of (¢q —1)/2. This relation 
has been used by a number of authors in the investigation of the congruences.§ 

The present writer considers the similar congruences in the Galois field of 
order g‘, where q is any prime not contained in \, and ¢ any exponent such 
that g' = 1, mod... By means of certain relations between the number of 
solutions of these congruences similar to those used by Gauss in the special 
cases mentioned above, a more general function than Jacobi’s is derived. 
We obtain this more general function if in Jacobi’s function we consider g to 
be a primitive root in the Galois field of order g‘, and let h range over the 
values 0,1, 2, ---,q* — 2 with the exception of (q‘ — 1)/2 if q is odd and 0 
if g = 2. 


* Presented to the Society, December 28, 1915. 

| Disquisitiones Arithmetice, § 358; Theoria Residuorum Biquadraticorum, §§ 15-20. 

t Cf. for example H. Weber, Algebra (1898), Bd. I, §§ 177, 178; Bd. II, § 203. 

§ Cf. for example Carey, Quarterly Journal of Mathematics, vol. 26 
(1893), pp. 322-371; Dickson, Journal fiir Mathematik, vol. 135 (1908), pp. 
181-188; Cornacchia, Giornale di Mathematiche di Battaglini, vol. 
47 [(2) 16] (1909), pp. 219-268. 
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This function is also more general than that considered by Kummer.* 
The latter used the set of residues with respect to a prime ideal factor of g in 
the algebraic realm k(a). This is a Galois field of order q, where ¢; is the 
exponent to which qg belongs, mod. \. He also restricted \ to be prime. For 
this case he determined the prime ideal factors of the function.§ In a later 
paper he determined the ideal factors of the Jacobi function for \ composite. 
The references given later will be exclusively to the first of these two papers. 

By an extension of Kummer’s work, this determination is obtained in the 
present paper for the case where \ is composite and where the exponent ¢ has 
the more general meaning given above. In going over this work of Kummer’s 
in the first paper referred to an error was discovered. The author found it 
necessary to construct a different argument at this point. 

As a result of the determination of the ideal factors of the function a rela- 
tion between the functions for different Galois fields is found. It is shown 
that if the primitive roots in the two fields are properly related, 


W_o, 1 (a) = (— 1)? 


where y denotes the function for the field of order g", and WY the function 
for the field of order g‘, and where s = t/t,. 

A result of Kummer’s is extended by showing that if g belongs to an even 
exponent, 2¢,, mod. A, and if g* = — 1, mod. X, then 


Vo,-1(a) = (-1)""q', 


where, as before, s = t/t;. 
The writing of this paper was undertaken at the suggestion of Mr. H. S. 
Vandiver, and his interest and advice have been of great value to the author. 


2. DERIVATION OF THE FUNCTION V (a) 


We consider the Galois field of order gq‘, where q is any prime, and where 
q' — 1 =v. We suppose the marks of the field other than 0 represented 
as powers of a primitive root and denote by ¢; any mark whose index is con- 
gruent to 7, mod. \. We denote with Kummer the number of solutions of 


the congruence 1 + ¢; = a; by 
j 
m; 


* Ueber die Ergdnzungsdtze den allgemeinen Reciprocitdtsgesetzen, Journal fir Math- 
ematik, vol. 44 (1851). 

§ For a corresponding generalization of the Lagrange resolvent function cf. Stickelberger, 
Mathematische Annalen, vol. 37 (1890), pp. 321-367. He assumes A to be composite. 

t Theorie der idealen Primfactoren der complexen Zahlen, welche aus den Wurzeln der Gleichung 
w" = 1 gebildet sind, wenn n eine zusammengesetzte Zahl ist, Abhandlungen der 
Koeniglichen Academie der Wissenschaften zu Berlin, 1856. 
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in formulas, but by m% in the text. We represent also the residue ind. ( —1), 
mod. \, by e, so that if g is odd, e = 0, A/2 according as v is even or odd, 
whereas if g = = 0. 

Proceeding by the method used by Gauss and also by a number of other 
authors, we obtain the following relations connecting the quantities m/: 


j i+e i-j j-t 
(1) Mi = Mize = = Mi-jpe = M4 = Mj~ite} 


(2) > m =v—1; = 9; 
v t 


where i = 0,1,2,---,AXA—1;7 =1,2,---,X—1, mod.d. 

By a method also due to Gauss we may obtain certain quadratic relations 
connecting the quantities m;. This method consists in equating two expres- 
sions for the number of solutions of the congruence ¢; + ¢, =o: +1. There 
are m/ marks o; for which ¢; = 1 + ¢;, and for each of these there are mj=} 
pairs of marks for which o; +o, =0,;. If =0,1=k, mod. X, 
there are v additional solutions, ¢; = 1, 0; = o,. Hence we have in general 


j it 


mei = mi 


where 7 = 0,1, 2, ---, — 1, whereas if = 0, 1 =k, mod. we must 
add »v to the left-hand side of the equation, and if k = 0, 1 =j7, mod. A, we 
must add » to the right-hand side. 

If we multiply this equation by a%t***?, where a is a primitive Ath root 
of unity, and then form the sum for j,k, 1 =0,1,2,---,A — 1, we obtain 


l-t 
i,j,k, t k j 
By replacing on the left 1 — i, k — i by 1, k, and on the right 1 — 7, 7 — 7 by 
1, 7, the resulting equation may be written as follows: 


mM; qtit(bte) i x > Mk +y 
i,j kyl k 


k l 
i,k jt 


(3) 


If now we suppose a + c = 0,b +c = 0, mod. X, the second term on the 
left vanishes, whereas the second term on the right has the value Av. If 
we write, following the notation for the Jacobi function, 


j 
(4) W_a, (a) = > Mm; bit (atb)j 
equation (3) takes the form 


WV_», (a) Vas, »(a) o(a) Vo, a(a@) +r. 
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By use of equations (1) and (2) we find if a = 0,b = 0,a — b #0, mod.X, 
Vas, = Wo, = Vo, 
W_»,0(a) = WVo,a(a) = —1. 
Hence by a slight change in notation we have finally 


(5) = 


where now a #0, b#0,a+6 #0, mod. X. Another proof of this rela- 
tion may be given by using Kummer’s argument. 
The function defined by (4) may also be written 


(6) W_a,-»(a) = bh+ (a+b) ind. 


where g is the primitive root referred to above, and h = 0,1, 2, ---,q* — 2 
with the exception of (q‘ — 1)/2 if q is odd and 0 if gq = 2. For there are m4 
numbers h which satisfy the two conditions h = 7, ind. (g* + 1) =j7, mod. X. 
This is the form in which the function is written by Kummer,* though as 
pointed out above the function we consider here is more general than his. 

The function satisfies essentially the same relations as the Jacobi function. 
For example, we find from (4) by use of (1) 
(7) Wa,» (a) = VW», -a(a) = (— Via, ayn 

= (— 1)* -.(a) = (— 1)? Wo, 
= (— 1)” Ways, (a), 

where we have put a‘ = (— 1), since it has the value + 1 unless g and v 
are both odd. 

Also if in equation (3) we assume that b + c #0, a +¢ #0, mod. A, we 


have 
b+e ( a ) b (a) a+e (a ) a (a) 


or by using one of the equations (7), 
(8) Wa, (a) Ve, (a) = Vo, ape (a) Ve, a (a). 
The function also satisfies the relation: 
(9) V(a") = V(a),f 
where h is an arbitrary exponent. In particular if ¢ is even and if there exist 
values of h for which g* = — 1, mod. A, we have 
V(a") = V(a), 


t Cf. Kummer, |. c. The subscripts will be omitted from now on. 
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and hence 


V(a)=+9'". 
If is the power of a prime (A > 3) it may also be shown that 


(10) V(a)=-1, mod. (1 — a)*.* 


3. DETERMINATION OF THE IDEAL FACTORS OF V (a) 


Kummer has determined the ideal factors of V(a) tor the case where X is 
prime and where the field of residues is that determined by a prime ideal 
factor of g in the realm k(a). By an extension of his method we will deter- 
mine the ideal factors in the case where \ is composite and the field of residues 
is the Galois field of order g‘ , t being any exponent for which g‘ = 1, mod. d. 

In k(a@), q is the product of ¢(A)/é; different ideal prime factors, where 
t; is the exponent to which q belongs, mod. A. We will construct an algebraic 
field of degree ¢(X)s, where s = t/t,;, which contains k(a@) as a subfield 
and in which the prime ideal factors of g are the same as in the field k(a). 
The Ath roots of unity with q as modulus determine a Galois field of order q'. 
There exist congruences of degree s with coefficients in this field and which 
are irreducible in the field. Such a congruence determines a Galois field of 
order q’. 

There must therefore exist equations of degree s with coefficients in k(a), 
which are irreducible both as equations and when regarded as congruences, 
mod. q. We consider a particular equation of this sort and let 8 denote one 
of its roots. The realm k(a,8) is then of degree ¢(X)s and a residue 
system with respect to a prime ideal factor of q in this realm is the Galois 
field of order g‘. The number of ideal factors of g in this realm is thus 
$(A)s8/t = i. e., the same as in the realm k (a). 

We now suppose that g represents an integer in the realm k(a, 6) which 
is a primitive root with respect to q(a), a prime ideal factor of q, and which 
satisfies the congruence 

g =a, mod. q(a), 


where vy = (q' —1)/A. It follows then by Kummer’s{ method that 
=a, mod. q(a)**, 


A change in Kummer’s work is necessary here, since for \ composite we 
cannot assume the existence of a primitive root y with respect todX. Instead 
it will be found sufficient to employ the least positive residue |m| of m, 
mod.d. If then in the expression (6) for V (a) we replace a by a‘, where 7 is 
any residue prime to \, we obtain 


ee. Cf. Schwering, Journal fiir Mathematik, vol. 93 (1882), pp. 334-337; 
Kronecker, ibid., vol. 93 (1882), pp. 338-364. 
tL.c. We put n = 1 in Kummer’s work. 


169 
- 


H. H. MITCHELL: 
V(a'‘) = | ind. +1) | 


where we have replaced his y_; by |(a + 6)i|, y,-: by |bi|. 

Proceeding then by his method we finally oltain the congruence 
Ql) ¥(a) = 1) TT + 
(jail vg! + dvz) TT — 
where we have put q; = q(a*), i’ =1, mod. A, [](m) =1-2---m, 
where the summation is to be taken over all rational integral values of z for 
which neither |ai|q‘ + dz nor |bi|q' — dz is negative, and where it is assumed 
that jai! + This restriction will be removed later. 

Since WV (a) cannot be divisible by a higher power of q; than the tth, the 
problem is now reduced to finding how many times the sum of binomial co- 
efficients on the right side of this congruence contains the factor g. Kummer 
next attempts to show that the term in the sum corresponding to the value 
z = 0 is divisible by a lower power of ¢ than any other, and hence that V (a) 
contains the factor q; just as often as this term contains the factor g. An 
error occurs in this portion of the proof, although the result is correct. 

He first observes that if A is any positive integer such that 


A=at+aq q + a2 4+ 
where each a; = 0,1, 2, ---,q — 1, then the number of factors q contained 
in [] (A) is 
(12) 


If similarly 


A — (a9 $a, +--+ + 
q-1 
where 0 = b; < q,0 Se; < q, and where 
ao + bo = + 60, 


atath=aqte, 


€x—-2 + + = + 


he shows that the number N of factors g contained in the binomial coefficient 


T](4+B) 
(4) 


is given by the formula 


(13) 
| 
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(14) + &1. 


Applying this result to the coefficients in the congruence (11), he observes 
that for any value of z he has = = = = = 0. Forz = 0 he 
has also ao Ag = = 0, bo = bi = bo Serr = = (), 
and hence €9 = €; = €2 = --+ = €+1 = 0. In order that neither A nor B 
shall be negative he concludes that z is numerically less than g‘, and hence 
that the term for z = 0 is the only one in which A and B are divisible by q‘. 
Consequently for any other value of z one or more of these e’s must have the 
value 1. 

Kummer argues erroneously that the values of the remaining e’s, €;, €141, 

+, €,-; cannot be diminished if instead of z = 0 we substitute some other 
value of z, in fact that only e; is in any way affected by the values of the 
preceding e’s. The point at which the error occurs is where he says (p. 117, 
1. 5): “ Auch werden durch diese Bestimmungen die Werthe der iibrigen 
Zahlen €nt, ***» 1m allgemeinen gar nicht verindert, etc.” 

That this is not the case may be seen from the particular example in which 
q=11,t=3,rX=7, |ai|=3, |bi]=3. For z = 0 we obtain € 
= 0,0, 0 and 6, &, ¢; = 1, 1, 0, whereas for z = 55 the first set of e’s are 
0,1, 1 and the second set 1, 0,0. 

We can however show that the sum of all the e’s is increased when 2z is 
replaced by a value different from 0. Let z = + q°2’, where 2’ is positive 
and prime tog. Then if we suppose that B is the number which is decreased 
when we take a value ot z different from 0, we may write, since Avy = q‘ — 1, 


A (z) = 2! at q' + + + mod. 
B (z) z + q' + qi} + + mod. 


where the a’s and the b’s denote the coefficients of the corresponding powers 
of gforz = 0. 

Since q° 2’ < q', by writing 2’ in terms of powers ot g we may give B(z) 
the desired form and the coefficients of q', g‘!, ---, g't* will still be b;, 
bis, «++, Deze1. We may write A(z) in the desired form by expressing 
q' — ¢° z’ in terms of powers of g and changing one or more of the a’s as follows. 
If a, + 0, we replace a; by a, — 1. If ay, is the first a which is not 0, we 
may, if 0 <u <e, replace ay, by au, — 1, and write the coefficients of 
q', gl, ---, each asqg—1. If Ze, we may write the coefficients 
of ---, each asg — 1. 

From equations (13) it follows that ¢., €.41, °+-, €:-1 must now each have 
the value 1. If a; + 0, we conclude that €;, €:41, «++, €:4<-1 are unaltered. 
If 0 < uw < e, each of the e’s, €;, €:41, «++, €24,—1 Will be changed from 0 to 1, 
and Etius Ettutl,» ***» €t¢e-1 Will be unaltered. If = e, each of the e’s, 
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€1:1, ***,» €t4--1 Will be changed from 0 to 1. Hence in any case none of 
the e’s which precede €,,- can be diminished, whereas at least t — e of them 
must be increased. 

Since A + B < q*, €::-1 must be 0 for all values of z, and hence the only 
e’s which may be diminished are Since there are but 
t — e — 1 of these we conclude that the sum of all the e’s must be increased 
by at least one. Hence the binomial coefficient for z = 0 is divisible by a 
lower power of q than any other, and hence V(a@) contains the ideal q; to. 
exactly the same power as this particular term contains the tactor q. 

To obtain an expression for the number of times this Coefficient contains 
the factor q, we write 


lailvgt = arq' +--+ 


where 0 = a; <q. By Kummer’s method we obtain the following set of 
equations: 
| aig’? | + rary; = | ,rrr,t—1), 
or 
(15) laig'?|+ = 0, mod. q. 
Similarly we have 
| big’ + Abu; =O, mod. q, 


+ b) + ren; = 0, 


from which we obtain, by use of (13), 
(16) | aig’ + | big’ —|(a + b) ig’? | = mod. q. 


From this we conclude that €:,;-1 = 1, 0 according as | + 
We therefore conclude that the number of times the factor q is contained 
in the binomial coefficient for z = 0, and hence the number of times the 
ideal q; is contained in W(a@), is equal to the number of the expressions 
|big'*| (7 = 0,1, 2, --+,t— 1), whose values exceed Kum- 
mer gives the criterion in a somewhat different form. 
The above argument is restricted to values of i for which 


i. e., |ai}+ |bt}< 2X. By Kummer’s method this restriction may be re- 
moved. If |ai}+|bi| >A, then and hence the 
ideal g_; is one tor which the criterion is true. If we denote by m; the number 
of times q; is contained in V(a), it follows that q; will be contained m_; 
times in VW(a"'). Since V(a)V(a"') = we have m;+m_; =t. 
Since m_; is equal to the number of the ¢ sums |a(— 7) q°*|+|b(—i)q*|, 
whose values exceed X, m; must then be equal to the number of. these sums 


} 
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whose values are less than \, or what is the same thing, the number of the 
sums |aig**|+|big'*|, whose values exceed A. The criterion is therefore 
valid for every ideal factor of q. 

In applying the criterion it should be noticed that 


qi(a) = = =---, 


so that 7 need only be assigned ¢(X)/t; values, such that the quotient of 
no two of them is congruent, mod. \, to a power of q, where as above t; de- 
notes the exponent to which « belongs, mod. \. We may therefore state the 

TuHEeorEM. [If g” = a, mod. q, then the number of times the ideal q; 1s con- 
tained in V(a) is equal to the number of the expressions |aigq'~*| + |big'| 
(j = 0,1,2,---,t—1), whose values exceed X, where 1 assumes $(d)/ti 
values prime to X such that the quotient of no two of them is congruent, mod. i, 
to a power of q.* 

For example, if g = 11, \ = 15, ¢ = 2, there are four different prime ideal 
factors of 11, which may be written q(a), q(a*), q(a*), q(a*). These 
may be taken to be the principal ideals (2 + o®), (2+ 0°), (2+ a”), 
(2+ a°). If a=3, b =5, mod. 15, and if the primitive root g satisfies 
the condition g* = a, mod. (2 + a*), we have 


15, |3-11]+|5- 
|3-8/+|5-8|> 15, 


1| 


1 
15 
|3-4-11/4+|5- 
|3-2-11]4+]5 


from which we conclude that the ideal defined by V_;,_; (a) must be 
(2 + a®) (2 + a”)? (2 + 
We find that a primitive root satisfying the above condition is g = 5a + 6, 
and by use of this we find that ¥_3,_;(a) = — 4 — 60° + 6a® + 3a”. 
We then find directly that the two ideals coincide, in fact that 


W3,-5(a) = — (2+ of) (2+ 0")? (2+ 0°), 


where the expressions on the right are now regarded as actual numbers. 
As a consequence of the above theorem we may state at once the following 
THEOREM. If q is any prime ideal factor of q, and m; denotes the number 
of the sums = 0,1, 2, ---,t— 1), whose value exceeds i, 
where a, b are any two integers such thatta 0,b #0,a+b6 #0, mod. 
and where i assumes @(X)/t; values prime to d such that the quotient of no two 
of them is congruent, mod. d, to a power of q, then the product, [| q?*, is a princi- 
pal ideal. 
Cf. the criterion for the Jacobi function; for example, H. Weber, Algebra (1899), Bd. II, 


§ 203 (14). For the generalized Lagrange resolvent see Stickelberger (I. c.), p. 355. 
Trans. Am. Math. Sec. 12 


< 15, 
8-11|< 15, 
4-11|>15, 
2-11/<15, 
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4. A RELATION BETWEEN THE W-FUNCTIONS 


It is clear from the form in which the above criterion is given that the 
value of m; for the general value of ¢ is ¢ times what it is for ¢ = t,, where 
t = st;. Hence if we denote by V (a) the function for the general value of t, 
and by ¥(a) the function for ¢ = ¢,, and for the same pair of values of a 
and b, it follows that 

V(a) = E(a)y*(a@), 


where E (a) is a unit and where the primitive roots in the two fields satisfy 
the congruence 
g mod. q. 
We have also 
V(at) = 

and hence by forming the product E(a)E(a) =1. It follows from this 
that E(a) = + 

We will show that E(a) = (— 1)*", and to do this we will first show that 


mod. qi"*", 


provided i has any value for which |ai|+|bi| <<, and where m; denotes the 
number of times q; is contained in y(a). 

In the case of the function V(a) the binomial coefficient in the congru- 
ence (11) which corresponds to the value z = 0 is divisible by q*™, and every 
other coefficient is divisible by a higher power of gq. Since 


_ 

(17) ¥(@) = mod. Gi 
In the case of ¥ (a) we find 


Since each of these two expressions is divisible by g*“, we need only con- 
sider their residues, mod. ¢, after the powers of g have been removed. 
If, as above, we write 


A =atagqtragt 


where 0 = a; < q, we find that the product of all the numbers in the set 
1,2, ---, A, which are prime to q, is congruent, mod. q, to 


we conclude that 


mod. 


TI (a9) 


~ * Kronecker, Journal fir Mathematik, vol. 53 (1857), p. 176. 


| 
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where we have used Wilson’s Theorem. The product of all the numbers in 
the set 1, 2, ---, A, which are each divisible by exactly one factor q, divided 
by the power of q which this product contains, is congruent, mod. q, to 


Il (a1) ( — 


Proceeding in this way we find that after all the factors g have been removed 
from [| (A), the result is congruent, mod. q, to 


II (a0) [I (a1) [] (ann) 1)”,* 


N= A — (a+ + 


where 


i. e., the number of times q is originally contained in [J (A). 
From this we conclude that 


= II (ee) [] (eens) 


mod. 


where, as previously, the a’s, b’s, and c’s represent the coefficients of |ai|vq', 
|bi|vgt, and |(a+6)i|vg', when expressed in terms of powers of g. A 
similar congruence is obtained for ¥*(a@), where ¢ is to be replaced by t,, 
each factorial is to be raised to the power s, and the exponent of — 1 is to be 
replaced by sm; + s. 

If we write 


then by means of the expressions for vy and »; we obtain 
Jai | vq! = (a, + + 

+ (1 + + +g), 


from which it is clear that in the expression for |ai|vq* each a; will appear s 
times as often as in that for |ai|v; q. A similar relation holds for the other 
numbers. We therefore conclude that 


V(a) (a), mod. q;"*". 
Since we have found that 


V(a)=+a°y'(a), 
we obtain 
+a’ =(-1)*', mod. q;. 


. Cf. Stickelberger, l.c., p. 343. 


| 

| 
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If a® + +1, 1+ a’ is either a unit or a factor of \, and hence prime to q;. 
We therefore conclude that, if ¢ is odd, 


(19) V(a) 
whereas, if g = 2, 


By a special method we may show that the sign is the same for g = 2. 
If \ is the power of a prime, 
mod. (1 — a), 


so that the sign must be ( — 1 )*~ in this case. 
We now proceed by induction and assume that (19) holds in all cases where 
is the product of n primes (not necessarily all different). If then the equation 


V(a) = (a) 


holds in case \ is the product of n + 1 primes, and if uw is any prime factor 
of X (and therefore odd), we have 


(a) = (a), 


whence 
V(a*) mod. 

This is however impossible* in view of our assumption, since a“ is a \/uth 
root of unity, and \/y is the product of only n primes. Hence equation (19) 
must hold for any \ and is therefore true for g = 2 as well as when q is odd. 

We have therefore the 

TueoreM. If V(a) and (a) are two functions for the same values of a 
and b in the Galois fields of order q' and q" respectively, and if the primitive roots 
in those two fields are so chosen that g” = g;"' in the field, then 

V(a) =(-1)** 


where s = t/t,. 


5. DETERMINATION OF V(a@) FOR A SPECIAL TYPE OF FIELD 


If g belongs to an even exponent, say 2¢, mod. d, and if g‘ = — 1, mod. d, 
then, as we have seen (from (9)), 


By methods similar to those employed above we may determine the am- 
biguous sign. If 7 has a value for which |ai|+|bi| <<, we conclude from 


* The same is true if one of the three congruences na = 0, wh = 0, un (a +b) =O, mod. X, 
is satisfied, since in that case both functions have the value — 1. 


| 
| 
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From (15) 
=0, mod.q, 


where j = 0,1, 2, ---, 28-—1. If we replace j by 7’, where 7’ =j +t, 
and make use of our assumption that g‘ = — 1, mod. \, we obtain 


A+A + dei) = 0, mod. q, 


whence it follows that 
Q2t4j + = —1. 


By use of Wilson’s Theorem we have, if g is odd, 
TI (ae) = (— 1)", mod. g. 


By use of this relation together with the similar ones in the b’s and c’s, we 
obtain the congruence, 


(a) = q' ( | mod. 


where the summation is to be taken over the values 7 = 0,1,2,---,#-—1. 
From (13) we have, since we have assumed gq to be odd, 


— — = — mod. 2, 


and hence, since €2;-; = 0, 


Zz (Cot; — — = — mod. 2. 


By assumption |ai|+|bi]<X, and hence |aig'|+|big'|> 2. Hence from 
(16) we conclude that ¢;,-1 = 1, and consequently 


¥(a)=q', mod. 


Hence if g is odd, we must have 


¥(a)=q'.* 
More generally, if g = — 1, mod. \, and ¢; is the smallest exponent which 
has that property, and if ¢ = st,, then for the Galois field of order q** we have 


by the previous theorem 
(20) ¥(a) =(-1)""*¢. 


Equation (20) may be shown to hold for gq = 2 by the same method that 
was used in the case of equation (19) for g = 2. We have therefore the 

TuHEeorEM. If q belongs to the exponent 2t,, mod. dr, and if g° = —1, 
mod. d, then for the Galois field of order q** 


V(a) =(-1)""¢ 
where t = st,. 


* Stickelberger (1. c., p. 341) has obtained a sere result for the Lagrange function, from 
which this may be dedeeed. 
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PROOF OF A THEOREM OF HASKINS* 
BY 
DUNHAM JACKSON 


The theorem of this note, with its corollary, is due to Professor C. N. Haskins, 
and it is at his suggestion that the following concise proof, which was com- 
municated to him by the present writer, is published. It is perhaps not 
superfluous to remark that the proof would hardly have been evolved in this 
form if the author had not just had the pleasure of listening to Professor de 
la Vallée Poussin’s course on Lebesgue Integrals at Harvard University. 

Tueorem. Let f(x) and o(x) be two functions which are bounded and 
integrable in the sense of Lebesgue fort a = x S b, and let 


a 


for all values of x in the interval. Let these functions be such that 


fu@ra = 


for all positive integral values of n. 
Let E.g (f) be the set of points of (a,b) at whicha =f 8, and let E,, (¢) 


be the corresponding set of points ford. Then 


mEws (f) = (¢), 


for all pairs of numbers (a, 8) in the interval from h to H, if mE denotes the 
measure of E. 

Let w,3 (y) be a function which is equal to 1 fora Sy =8, and equal 
to 0 elsewhere in the intervalh SyS=H. Let Pn(y),m=1,2,---,bea 
sequence of polynomials such that 

lim Pn(y) = Wap 


throughout the interval h= y= H. The convergence of the sequence will 
of course not be uniform, but it will be possible to choose the polynomials so 
that they are uniformly bounded, 


|Pn(y)|< 


t It will be clear that any measurable set might be substituted for the interval (a, b). 
178 


* Presented to the Society, August 3, 1915. 
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for all values of y in the interval and all values of m, where G is independent 
of mandy. For example, let €,, 6, ---, be a decreasing sequence of positive 
quantities approaching zero; let w,,(m,y) be a continuous function which 
is equal to w,.,(y) except in the intervals (a — €n, a) and (8,8 + &m), 
where it is linear; and let P,,(y) be a polynomial which approximates to 
3 (m, y) uniformly with an error not exceeding ¢,. Then 


lim = wag [f(x)], lim Pm = wes 


for a =2=b, and the functions P,,[f(x)], are uniformly 
bounded. Consequently 


lim Pat = [f(x)] dz, 


lim Pal d(2)]de = 6(2)] dr. 


for all values of m, in consequence of the hypothesis. Therefore 


As wg [f (2)] is equal to 1 for x in E,, (f) and equal to zero eisewhere, and 
similarly for ¢, the values of the last two integrals are mE, (f ) and mE,., (¢) 
respectively, and the theorem is proved. 

The theorem would remain true, and the proof be essentially unchanged, wf the 
set Eg, were defined with reference to the interval (a, 8) exclusive of one or both 
of its extremities, or were replaced by the set E, where the function takes on a 
single specified value a. 

It would only be necessary to use a different sequence of functions w,, (m, y) 
and of polynomials P,,(y). In the case of the interval a < y =8, for ex- 
ample, a function w,,(m,y) would be used which makes the transition 
from 0 to 1 in the interval from a to a + €m. 

Corotuary. If the functions f and @ of the theorem are non-decreasing in 
the interval from a to b, they must be equal to each other except at an enumerable 
set of points. 

Let E;,, with argument f or ¢, denote the set of values of x for which the 
value of the function in question lies between a and #8, exclusive of the former 
and inclusive of the latter. Because of the monotone character of the func- 
tions, the set E;, is always an interval, with or without its end points, unless 


But 
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it reduces to a single point or contains no point at all. For 8 = H, the 
lengths of E,z(f) and E,q(@) are equal, as a consequence of the theorem 
in one of its modified forms, and as both terminate at b, they consist of the 
same points, except that the left-hand end point may be included in one and 
not in the other. It follows, more generally, that the sets E, (f) and Eig (¢) 
are identical for any values of a and 8, with a possible exception as to their 
extremities. An interior point of one is always an interior point of the other. 
At such points, as both f and ¢ are included between a and £, 


— o(2)|<B-a. 


Now let ¢ be any fixed positive quantity, and let E;, stand for the set E41), x - 
All points of (a, 6) are contained in a finite number of sets E;,(f), which 
have of course only a finite number of end points. Every point of (a, b) 
with the exception of these end points is interior to some set FE, (f), and so 
interior to the corresponding set E;,(@) as well. Hence 


— o(2)|<e 


except at a finite number of points. By giving to ¢€ a succession of values 
approaching zero, it is seen that the set of points where f + ¢ is enumerable. 

It is evident that the theorem can be greatly generalized by using trigono- 
metric or other functions of f and ¢ in place of powers of these quantities in 
the hypothesis. 


Harvarp UNIVERSITY, CAMBRIDGE, Mass. 


i 
| 


ON THE MEASURABLE BOUNDS AND THE DISTRIBUTION OF 
FUNCTIONAL VALUES OF SUMMABLE FUNCTIONS* 


BY 


CHARLES N. HASKINS 


I. INTRODUCTION 


1. Object and results. In this paper I define for every function f(z), 
bounded and summablef on an interval a = x = db, or a measurable subset 
thereof, two numbers, the measurable upper and lower bounds of f(2) on 
(a,b). These numbers are analogous to the extrema extremorum of a 
function which is continuous on (a,b), with which in fact they coincide 
when f(z) is continuous. I show that the measurable bounds can be deter- 
mined by means of an enumerable set of constants (the ‘“ momental cor- 
stants ’’) defined by the Lebesgue integrals 


f 


These constants and certain analytic functions determined by them are found 
to be intimately connected with the structure of the Lebesgue integral of f (x ) 
in the sense that the constants and the analytic functions corresponding to 
two given functions f(x) and ¢(2) are identical when and only when the de- 
fining elements of the Lebesgue integrals of f(x) and $(x) are identical. 
In other words these constants and functions are invariants of all transforma- 
tions which leave unaltered the defining elements of the Lebesgue integral. 
2. The method of Laplace and Darboux. If the functions f(z) and ¢(2) 
are continuous for a = x = b, and ¢(2) assumes its maximum value only 
once, say at a point x = ¢, it is clear that in general the value of the integral 


f (2) ae 


is for very large values of n essentially determined by the values of f (2) and 
¢ (2x) in the immediate neighborhood of the point x = c. Laplacet used this 


* Presented to the Society, October 30, 1915. 
+ The term ‘‘summable ”’ is used as meaning “integrable in the sense of Lebesgue.” 
t Laplace, Théorie analytique des probabilités, GEuvres, vol. 7, p. 102. 
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principle for the determination of “‘ functions of large numbers.” His vaguely 
stated and, measured by present standards, insufficiently established result 
was rendered precise, and proved by Darboux* who put it in a form which 
may be written 


. 


at 


The method is applicable to the case of contour integrals of functions of a 
complex variable. The case in which ¢(2) assumes its maximum value a 
finite number of times is reduced to the above mentioned case. Darboux 
considers only functions @(2) having a finite number of discontinuities and 
those of a simple character. 

Stieltjes,t independently of Darboux, put Laplace’s result in essentially the 
same form but with fewer restrictions on the continuity of ¢(2). He showed 
by an example that the result may hold when ¢(2) assumes its maximum 
value an infinite number of times. Lebesgue,t however, has stated that an 
example can be constructed in which ¢(2) assumes its maximum value an 
infinite number of times, and in which the Darboux-Stieltjes result does not 
hold. 

The methods of Darboux have been studied and extended by Flamme,§$ 
Poincaré,| Féraud,§ Coculesco,** and Hamytf with special reference to their 
application to the problem of determining the approximate values of terms 
of high order in the development of the perturbative function, and in series 
relating to the elliptic motion of the planets. 

The papers just mentioned (except that of Stieltjes) deal very largely with 
the case in which f and ¢ are complex functions and the integral a contour 
integral. The singularities of f and @ are the ordinary isolated singularities 
of functions which in general are analytic. 

3. Singular integrals. The singular integrals which arise in the theory of 
Fourier’s and similar series and the general theory of which has been the 

* Darboux, Journal des mathématiques, ser. 3, vol. 4 (1878), p. 32. Lebesgue, 
Annales dela Faculté des Sciences de Toulouse, ser. 3, vol. 1 (1909), 
pp. 119-128. 

t Stieltjes, Correspondance d’ Hermite et de Stieltjes, vol. 2, pp. 185-187. 

t Lebesgue, loc. cit., p. 128. 

§ Flamme, Recherche des expressions approchées des termes trés éloignés dans les développe- 
ments du mouvement elliptique des planétes. Thése (No. 600), Paris, 1887. 

|| Poincaré, Les méthodes nouvelles de la mécanique céleste, vol. 1, p. 278, ff. 

{| Féraud, Sur la valeur approchée des coefficients d’ordre élevé dans les développements en 
série. Thése (No. 912), Paris, 1897. 

**Coculesco, Journal des mathématiques, ser. 5, vol. 1 (1895), pp. 359- 


442. 
tt Hamy, Ibid., ser. 4, vol. 10 (1894), pp. 391-472; ser. 5, vol. 2 (1896), pp. 381-440. 
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object of extensive investigations by Hobson* and Lebesgueft form a broad 
generalization of the integral of Laplace and Darboux. These investigations 
relate to integrals of the very general form 


in which, in some cases at least, f and ¢ may have any singularities com- 
patible with integrability in the sense of Lebesgue. 

4. Relation of the present paper to those cited in §§ 2,3. The papers above 
mentioned deal with singular integrals involving two functions f(t) and 
{p(t)}* (or d(t, n, x)), and are primarily concerned with the determination 
of the value of f(a) at a point where ¢(2) (or its absolute value) has a maxi- 
mum, or with the determination of the functional character of the nucleus- 
function @(t, n, x) such that 


L | f(t) o(t,n, x)dt 


may represent f(x). In this paper, on the contrary, the singular integrals 
involve only one function f (¢) (or a continuous function of it), and I am con- 
cerned not merely with the limiting value of the integral (as n becomes in- 
finite), or its approximation to its limit; but also with the functional character 
of the integral (or certain functions of it), regarded as depending on the 
variable n. Some of my results are in certain cases (e. g., when f(a) ap- 
proaches its maximum at only a finite number of points) derivable by special- 
ization of the results of Darboux-Stieltjes. They are not, however, in general 
so derivable since they hold provided f(x) is merely bounded and summable 
(or bounded, summable, and positive). 

5. Character of functions considered. Throughout the paper the function 
f (2) will be assumed to have the following properties: 

A. The function f (x) of the real variable z is defined, real, and single-valued 
at every point of the interval a = z = dD, or at every point of a measurable 
subset {2} thereof. (The measure of the domain of definition will be denoted 
by 1.) 
B. The function f(z) is uniformly bounded on its domain of definition, 
i. e., there exist two constants h* and H* such that h* =f(x) = H*. 

C. The function f (2) is summable over its domain of definition (and there- 
fore over any measurable subset thereof). 

*Hobson, Proceedings of the London Mathematical Society, 
ser. 2, vol. 6 (1908), pp. 349-395. 


t Lebesgue, Annales de la Faculté des Sciences de Toulouse, 
ser. 3, vol. 1 (1909), pp. 25-117. 
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II. MEASURABLE BOUNDS AND MOMENTAL CONSTANTS 


6. Measurable bounds of a summable function. Since the function f (2) 
is summable, the set of points for which f(x) = y is measurable, where y is 
any real number. Let M, be the measure of this set. Then 0 = M, =1, 
and M, is a bounded, monotonic non-increasing function of y. The set of 
points {y} for which h* = y and 0 < M, SI is bounded since M, = 0 if 
y > H*. Hence this set has a least upper bound H = H*. Consequently, 
however small be the positive quantity e, 


My-. > 0 but Mu. = (). 


Evidently M, may or may not be zero. 

The quantity H thus defined I shall call the measurable upper bound ot 
f (#) on its domain of definition. 

Similarly we may define the measurable lower bound h of f(x) as a number 
such that the measure of the set of points for which f(z) S h + € is positive, 
but the measure of the set for which f(2) = h — ¢ is zero, no matter how 
small ¢ may be. 

The measurable bounds of a bounded summable function always exist. 
The extension of the definition to unbounded functions is obvious, but of 
course it does not follow from H* = « that H = «©. We may note that, 
since the alteration of the values of a function at a set of points of measure 
zero does not change the value of the integral of that function, the measur- 
able bounds of a function are the most general kind of bounds or extremes 
which we can determine through the instrumentality of a Lebesgue or a 
Riemann integral. 

7. The momental constants, v, (f). Since f (2) is bounded and summable, 
so is also [f(2)]", (n = 0,1, 2, ---), and hence the constants 


1 b 
mf [f (a) ]" dx (n =0,1,2,---), 


exist. Evidently vo = 1, v; = integral mean value of f(z). Geometrically 
lv}, lv2, «++ are the several moments of the curve y = f(z) about the axis 
of X , and are therefore analogous to the constants 


wn (f) =f (2)de (n =0,1,2,---), 


which are the moments of the curve about the axis of Y. Since, however, 
the constants »,(f) have a quite different function-theoretic significance 
from that of the u,n(f), I propose to call them the momental constants of 
f(a) on (a,b), as the term moments is already appropriated to the pu, (f). 


| 
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8. The fundamental theorem of the momental constants.* Jf f (2) and 
o(2) are two real, single-valued, bounded, summable functions defined on the 
interval a = x=b or measurable subset thereof, the necessary and sufficient 
condition that their momental constants on that interval (or set) shall satisfy 
the relations 

n(f) = mn (n =0,1,2,---), 


is that the measure of the set of points for which y: < f(x) < ye shall be equal 
to the measure of the set of points for which y: < ¢(x) < ye for all pairs of real 
numbers yi, y2 (yi < Y2)- 

The moments yu, (f) determine the values which a function assumes at the 
points of its domain of definition (with possible exception of a set of measure 
zero).{ They establish a correspondence between the values x of the domain 
and the values y of the set of functional values of f. In this sense, like Fourier’s 
and other similar constants, they are constants of functional correspondence. 

The momental constants v, (f), on the other hand, determine the lengths 
of the sub-intervals (or measure of the subsets) for which f (2) lies between 
any two prescribed values. They give what may be termed the statistical 
distribution of the set of functional values of f(2) over its domain of defini- 
tion and may therefore be called constants of functional distribution. They 
become constants of functional correspondence when and only when the func- 
tion f(z) is required to be monotonic non-decreasing (or monotonic non- 
increasing).t{ 

9. Schwarz’s inequality. In the well-known inequality of Schwarz 


the linear dependence of y(2) and x (2x) save possibly at a set of points of 
measure zero is an obviously sufficient condition that the equality sign may 
hold. That it is also a necessary condition has been shown to be true for 
Riemann integrals,§ and the proof, e. g., by Landsberg’s transformation 


* The sufficiency of the condition is obvious. The necessity was proved by me for the 
case of monotonic f and ¢ (to which the general case can be reduced) provided one of the 
functions admits a continuous and positive derivative, which of course is a considerable re- 
striction. The proof was effected by reduction to the theorem of Stieltjes and Lebesgue 
(Annales dela Faculté des Sciences de Toulouse, ser.3, vol. 1 (1909), 
p.101) concerning the moments u,»(f). Prof. Dunham Jackson has, however, proved the 
theorem in its full generality, and I therefore refer to his note in the present number of these 
Transactions. 

Tt Lebesgue, loc. cit., p. 102. 

t See the corollary to the theorem in Prof. Jackson’s note. 

§ Landsberg, Mathematische Annalen, vol. 69, 1910, p. 232. Fischer, 
Archiv fir Mathematik und Physik, ser. 3, vol. 13 (1908), pp. 32-40. 
Richardson and Hurwitz, Bulletin of the American Mathematical 
Society, vol. 16 (1909), p.18. Curtiss, Ibid., vol. 17 (1911), p. 464. 
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f werd f rae} 


Ja |x (2)x(y) 
can be extended to Lebesgue integrals also.* 

10. Application of Schwarz’s inequality to the momental constants. Sup- 
pose first that 0 = h < H, that is, that f(a) if negative at all, is so at most 
at a set of points of measure zero, and further f (2) is not merely a constant 
(save for a set of points of measure zero). 

If in Schwarz’s inequality we put 


H(z) = F(z), x(x) = (n= 0,1,2---), 


we see that 


2 


dxdy , 


Ynti(f) (f) — {yn(f)}? > 0 (n=0,1,2---), 
and since by the first theorem of the mean 
0 = h* < < 


Vn (f) < Vn+1 (f) 
Vn—1 (f) Vn (f) 


The inequality sign can be replaced by the equality sign when and only when 
h = H, i. e., when f (2) is constant save for a set of points of measure zero, 
and the fractions fail to have a meaning when and only when 0 = A = H, 
i. e., when f(a) has the constant value zero (with possible exception of a sct 
of points of measure zero). 

If h <0 we may still make the same reduction to Schwarz’s inequality 
provided n be an odd positive integer. In particular we note that 


ve(f)vo(f) — tri(f)}? = ve(f) — tn(f)}? > 0 
in all cases provided h + H. 


III. THe pistripuTion FuNcTIoNS R(f,n), P(f,n), 
J(f,z), K(f,2z), L(f,z) 
11. The distribution functions Rk (f,n), P (f,) for non-negative f (2). 
In this section we assume 0 =h< H. Put 


vn (f) 


(f)’ P(f,n) = {m(f)}™ =1,2,3---). 


R(f,n) = 
Then 


P(f,n) = {R(f, 1) R(f, 2) R(f,n)}'. 
* This appears to be a matter of common knowledge, though I do not find specific reference 
to it in the literature. 
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By the first theorem of the mean, 
h< R(f,n) <H, h<P(f,n) <H, 
and by Schwarz’s inequality,* 
R(f,n) < R(f,n+1). 
Hence by a well-known theoremt 
P(f,n) <P(f,n+1). 


But since the geometric mean of n different terms lies between the extreme 
terms 


P(f,n) <R(f,n). 
Hence each of the sequences {P(f,)} and {R(f,n)} is bounded and 


monotonic increasing (not merely non-decreasing). Therefore the limits 


L P(f,n)=M%, and J, R(f,n) =F, 


N+ @ 
exist,t and 


12. The limits of the distribution functions R(f,n) and P(f,n). Let 
e be any fixed positive quantity. Let {x,} be the set of points for which 
f(x) = H —€« and {zi} its complementary set. Since f(2) is summable 
{a.} and {z.} are measurable. Let 1, be the measure of {z,}. Then by 
the definition of H, /, is positive. Define a function g, (2) as follows: 


g(t) on {2,}, 
g.(x) = 0 on {zx}. 
Then 


0S g.(2) Sf(2) (aSz5b), 
and therefore 


1 1 


Consequently 


and 

L\} In 
(+) (H-—e)<P(f,n) <H. 

+ Cf. Bromwich, Infinite Series, p. 392, ex. 10 (2). 

t It is of course a consequence of a well-known theorem that if H2 exists so does also H;, 
and H, = H,. (Cf. Bromwich, Infinite Series, p. 384.) The above form of the proof is 
chosen in order to show that H; = H; = H and that R (f,n) is a better approximation to 
the limit than is P (f, n). 
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Since ¢ is fixed, l, is fixed, and 
1/n 


H-e«=M= L L R(f,n) SH. 


whence 


But ¢ may be taken as small as we please, and consequently 


P(f,n)= TL =m =H. 


If f(z) is not bounded on (a,b) it may still happen that H 1s finite, in 
which case the foregoing reasoning holds without change. If H is infinite 
the constants v,(f) may not exist if nm >1. Of course »(f) exists since 
we suppose f(a) to be summable. If, however, v, (f) exists for all positive 
integral values of n, we still have 


P(f,n) < R(f,n), 


L P(f,n) = L R(f,n) =+ 0. 


but 


Suppose now we define the momental constants », (f) for negative integral 


index — n by the relation 
V_n (f) » (4), 


Then if h > 0 the constants v_, (f) surely exist and we have 


h<R(f,—n)<R[f, —(n-1)] <P(f, -—n) <Pflf, 
and finally 


h= L R(f, —n) = P(f, -—n). 


If h = 0 the constants v_,(f) need not exist for any or for all values of n. 
If they do exist the above relations still hold. Hence we have the following 
theorem. 

13. Theorem. [f the lower measurable bound h of a summable function f (x) 
defined on a finite interval (a,b) or measurable subset thereof is positive, and 
its upper measurable bound H is finite and different from h then the momental 
constants 


m=z {f(a)}" dx (n =0, +1, +2,---) 


exist. The two functions 


P(f,n) (n = +1, +2,---), 


vn (f) 
Vn-1 (f) 


(n=0+1, +2,---) 


R(f,n) 


| 
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are monotonic increasing functions of the integral variable n which satisfy the 
inequalities 


h<P(f,n)<R(f,n) <H, if n>O, 
h< R(f,n)<P(f,n) <H, if n<0O, 


and the limiting relations 


Ley, = LRG, h 
n) = n) =H. 


If h = 0, or H = ~, or both, the relations are true when the momental constants 
exist. If h = H the inequalities become equations and the theorem is trivial. 

lf h and H are of opposite sign the theorem can be applied to find the upper 
and lower measurable bounds of [f (x) |? and hence of |f(2)|. 

14. The distribution functions J (f,z), K(f,z), L(f,2) for functions 
of any sign. The functions P(f,n), R(f,) of the preceding paragraphs 
have the disadvantage of requiring h 2 0. We now proceed to study certain 
functions analogous to P and R which do not, however, labor under this 
disadvantage.* In this section we suppose — ~ <h<H<+o, but 
make no restriction on the signs of h and 7. 

Let us introduce the auxiliary function of the continuous real or complex 
variable z 


U(f,z)= +f dx. 
Then since 


n—0 n. 


the convergence being uniform for all finite z and all x for which f(z) is 
defined, we have 


and U (f, z) is an analytic, and in fact an integral transcendental function of z. 
It obviously has no real roots.| U(f,2z) is completely determined by the 
momental constants, and, conversely, it completely determines them. 

We now define two functions J (f,z), K(f, 2) with properties analogous 
to those of P(f, n), R(f, n) by the relations 

* Were it not that the functions R, P depend much more directly on the momental con- 
stants v than do the functions J, K, L, it would hardly be worth while to study them in 
detail. 

t But it may have complex roots. Ifa = —1,b=+1,f(zr) =2.U(f,z) = (sinhz)/z 
and has the roots z = + nai (n = 1,2,3,°---). 


Trans. Am. Math. Soc. 14 
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J(f,2z) = InU(f,z)= if dz, 


K(f.2) = (f,z) =a (f,z)} = 


The only singularities of J (f,z) and K(f, 2) occur at the (necessarily com- 
plex) roots of U(f,z). They are poles of the first order for K(f, 2) and 
logarithmic singularities for J (f, z). 

We shall be particularly interested in the behavior of J (f, 2) and K(f, z) 
as z traverses all real values from — ~ to + «©. If however we wish a func- 
tion having properties analogous to those of J and K but for which z is re- 
stricted to the original range (a, b) on which f(2) was defined we may use 


Sf(x)/2 
[ 


L(f,z) = = 


) dx 


15. Formule relating to |’ (f,z),/(f,z), K(f,z). In this section I 
set down certain formule involving U , J, and K , some because they are used 
in later sections and others because of their intrinsic interest. The proofs 


are omitted on account of their simplicity. 


l Ba 
(1) J(f,z) =-nU(f,2z) =- [ Ky.2)dz, 
(2) K(f,2) = U(f, 2) =2° 1+ 
d (2z"d"" J (f,z) wit’ K(f,2z) 
(3) dz dz" dz" 


If c be a constant, 


(4) K(f+e,z) =K(f,z) +e, cK (f, ez) = K(ef,2z); 


J(f+e,z) =JS(f,z) ed (f, cz) = J (ef, 2). 


kn(f)2” 


"=? (f) 2” 


(5) K(f,z)=2 J (f, 2) 


n=0 


where 


f(x ) dx 
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ko(f) =n (f), 
(6) ki(f) = vo(f)ve(f) — ri (f) (m(f) =1), 
he (f) = v3 (f) vs(f) — 30(f) (f) (f) + 28 (f), 


A=n 


A=0 


16. Monotonic character of J (f,z) and K (f,z) forrealz. We have 


d ., 
| ae} 
To the numerator we may apply the inequality of Schwarz* with 
v(x) = F(x), x(x) = | 


Hence since h + H 
(f, z) > 0, 
and K(f, 2) is a monotonic increasing (not merely non-decreasing) function 


of z for all real z. 
Now from formula (3) of § 15 


dz dz dz 
Hence 
sen | = sgn z (z +0) 
But since 
dJ veo(f) — vi(f)” 


(f,2)>0, 


except at z = 0 where it has its minimum value zero. Hence 


dJ (f, 2) 
dz” 
except possibly at z = 0. 


*Cf. § 10. 


b b 2 
| | | | | 


= 2 
5, 


z=0 


and this is positive by Schwarz’s inequality (§ 10). 
Therefore for all real z 
dJ (f, 2) 


dz > 90, 


and J (f, z) is a monotonic increasing function of z. 
Moreover, by (2) of § 15, 


J 
K(f,2) —J(f.2) = 29 (f.2), 


and therefore 


K(f{,z) >J(f,2) 
K(f, 0) = J(f,0) = 
K(f,z) <J(f, 2) (2 <0). 


17. Limits of the distribution functions J (f,z), K(f,2z). By the first 
theorem of the mean 


h<J(f,2) <H, h< K(f,2z) <H, 


for all real z. Hence the limits 
K(f,2) = h’’, K(f,2) = 4", 


exist, and 


Now if as in § 12 we let {x,} be the set of points for which f(z) = H — e, 
and {z,} its complementary set, and if we put 


2) (on {zx,}), 


=0 (on {2.}); 
we have for positive z 
Se, 


and may show, by reasoning entirely similar to that of § 12, that 
H’ = H” = 


From § 15, formula 4, we have 
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K(f,z)= —K(-f,—2), 
J(f,z)= -—J(-f, -2), 
from which follows at once that 
h’ = h"” =k. 


The results thus far obtained may be summarized as follows. 
18. Theorem. Jf on the finite interval (a,b) or measurable subset {zx} 
thereof, the function f (x) is bounded and summable, the two functions* 


ae ° 


are analytic functions of the complex variable z in the entire finite z plane, except 
possibly for certain points which are poles of the first order of K(f, 2) and log- 
arithmic singularities of J(f,z). For all real finite values of z, K(f, 2) and 
J (f, 2) are analytic and monotonic increasing functions of z. If h, v1, and H 
(h < H), are respectively the lower measurable bound, the integral mean value, 
and the upper measurable bound of f (x) on its domain of definition, the following 
relations are true: 


h< K(f,2) <J(f,z)<n<H <0), 
K(f,0) =J(f,0) =n, 

h<n<J(f,2z)<K(f,2)<H 

LJ - =h, 


J(f,2z) = LL, K(f,2z) =H. 
If h = H the inequalities become equations and the theorem is trivial. 

19. The functions J (f,z), K(f,z2) and the distribution of functional 
values. The functions J(f,z), K(f,z), and U(f,z) completely deter- 
mine one another, and U(f,z) completely determines and is determined 
by the momental constants », (f). Hence, we have, making use of the results 
of § 8, the theorem stated as follows. 

THEOREM. Two functions K (f,z) and K(¢, 2) (or J(f,z) and J(¢, 
corresponding to two bounded summable functions f(x) and (a) defined on 


* Here f ‘ is to be interpreted as the integral over the domain of definition of f (x), be it 


(a, b) or {x}, and / is the measure of that domain. 
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the same finite interval (a,b) or subset {x} thereof are identical when and only 
when the measure of the set of points for which y, < f(x) < ye is for all pairs 
of real numbers y; and y2 (y: < y2) equal to the measure of the set for which 
< < ye. 

It follows that the set of all bounded summable functions defined on (a, 6) 
(or {x}) can be divided into classes each of which is characterized by the 
enumerable set of momental constants pv, or by either of the analytic functions 
J, K. Two functions of the set belong to the same class when and only 
when their Lebesgue integrals have the same infinitesimal structure. The 
typical representative of a class is a monotonic increasing function which is 
uniquely determined save for its values at an enumerable set of points.* 


* Cf. the corollary in Prof. Jackson’s note. 


Dartmoutu Hanover, N. H., 
November 19, 1915 
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JACOBI’S CONDITION FOR PROBLEMS OF THE CALCULUS OF 
VARIATIONS IN PARAMETRIC FORM* 


BY 


GILBERT AMES BLISS 


There are two well-known methods of deducing Jacobi’s necessary con- 
dition in the calculus of variations. One is geometric in character, depending 
upon a property of an envelope of a one-parameter family of extremals through 
a fixed point, the cases when the envelope has a singular point being usually 
excluded.t The second proof involves complicated manipulations of the 
second variation. For the problem in parametric form in the plane the re- 
duction of the second variation was devised by Weierstrass and is a remark- 
able piece of analysis.{ It is, however, very artificial and not easily extensible 
to problems in more than two dimensions. For problems in parametric form 
in higher spaces a discussion of the second variation has been made by von 
Escherich§ by methods in part quite unsymmetrical. The lack of symmetry 
is due to the division of an arc 

= yi(t) (44 St Sty; i =1,2,-+-,n) 


into a finite number of pieces on each of which one at least of the derivatives 
y, (t) is different from zero, a device which leads to inelegant complications, 
though his results are symmetric in form. 

In the present paper a proof of Jacobi’s condition is given which applies 
with equal simplicity to the parametric case in the plane or in higher spaces, 
and which when suitably modified can be used with advantage for other 
problems of the calculus of variations also.|| It makes use of the second vari- 
ation without complicated reductions of any sort, is symmetric in all the 
variables, and includes the exceptional cases of the geometric proof mentioned 
above. 

* Presented to the Society, April 2, 1915. 

+ Serious complications are introduced when it is attempted to cover all possibilities. See 
a remark by Bolza, Vorlesungen wiber Variationsrechnung, p. 634. 

t See Bolza, loc. cit., p. 224. 

§Sitzungsberichte der kaiserlichen Akademie der Wissen- 
schaften in Wien, vol. 110 (1901), Abtheilung Ila, p. 1355. 


|| See M. B. White, The dependence of focal points upon curvature for problems of the calculus 
of variations in space, these Transactions, vol. 13 (1912), p. 189. 
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1. NOTATIONS AND PRELIMINARY THEOREMS 


The integral to be minimized has the form 


where y, y’ are symbols for the multipartite numbers 


Every symbol used below represents either a multipartite number or a matrix, 
with the exception of 


which are scalars standing for single elements. Thus the expressions f,, fy’y 
stand, respectively, for the row of first partial derivatives df/dy; and the 
matrix of second derivatives 0°? f/dy; dy,. The products of a scalar by a 
multipartite number, of two multipartite numbers, or of a matrix with a multi- 
partite number, are illustrated by the three examples 

n of 


xy’ = (Kyi, KY2, KYn)s fun = 


n 


mi = 


from which the meanings of the other products used below will be readily 
inferred. Two multipartite numbers or matrices are equal if and only if 
their corresponding elements are equal.* 

With these agreements as to notations, let R be a region of 2n-dimensional 
points (y, y’) with y’ + 0, and having the property that if (y, y’) is interior 
to R so are all of the points (y, xy’) for x > 0. In order to carry through 
the following analytical developments and insure the invariance of the inte- 
gral J under a change of parametric representation, it will be assumed that f is 
of class C’”’ ¢ and satisfies the usual homogeneity relation 


(1) fly, wy’) =«fly,y’) (« >0) 
at all points of R. 
The class It of admissible ares is the totality of arcs expressible in the 
form 
y = y(t) (4 StS), 


* It is not possible to explain here in detail the use of single symbols for multipartite num- 
bers or matrices. The notions used are very simple, however, and are of great assistance in 
simplifying the equations. For the purposes of the present paper the reader is referred to 
Bliss, The solutions of differential equations of the first order as functions of their initial values, 
Annals of Mathematics, 2d Series, vol. 6 (1905), p. 58. 

t The class of a function is defined as in Bolza, loc. cit., p. 13. 
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joining two fixed points 1 and 2, continuous, and each consisting of a finite 
number of arcs of class C’ with elements [y(t), y’(¢)] all interior to R. 
The integral J is then well-defined and independent of the parametric repre- 
sentation along every arc of 9%. In particular E is an admissible arc 


(E) y = e(t) (4 


which minimizes the integral J and whose properties are to be investigated. 
It will always be understood to be of class C’ unless expressly stated other- 
wise. 

Consider the one-parameter family of curves 


(V) y =e(t) +en(t) = €) (4 StS), 
where 7 (¢) represents a set of admissible variations satisfying the conditions 
(2) n(t) of class D’ fort; St Sh, n(ti) = n(h) =0. 


Then the function 
I(e) 


has the derivatives 


= [yn dt, 


(3) r"(0) = (Foy + + = n’)dt, 


where the arguments of the derivatives of f are (y, y’) = (e,e’). It is 
then easy to argue as usual that the conditions J’(0) = 0, I” (0) = 0 must 
be satisfied for every set of admissible variations 7 (¢) . 

From the condition I’(0) = 0 it follows by the method of Du Bois Rey- 
mond* that there exists a set of constants ¢ such that the equations 


(a) fy = fatto 


hold at every point of EZ, even if EZ has corner points. From these equations 
we can prove without difficulty the following three theorems: . 

THEOREM 1. Along a minimizing arc E the functions f,’ are of class C’ and 
the Euler differential equations 


d 
(5) fy- =0 
are satisfied. 


* Bolza, loc. cit., p. 27. 
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THEOREM 2. Ata corner point 3 of a minimizing arc E, the relations 


fy’ (ts — 0) = fy’ (ts + 0) 
must hold. 

THEOREM 3. If E is expressed in terms of the length of arc as parameter, 
then near every point where the matrix fy’, 1s of rank n — 1 the are E is of class 
C’”’ at least and satisfies the Euler equations (5) when differentiated out.* 

The relation (1) has a number of important consequences, three of which 
are expressed by the formulas 


(6) f =fyy', fu = Sw’ fu'vs = 0. 


The first of these is found from (1) by differentiating with respect to x and 
setting x = 1; the last two are found from the first by differentiating with 
respect to the elements of y and y’. 

The third of the above equations shows that the determinant of the matrix 
fy’y’ vanishes identically in R. If this matrix is of rank n — 1, then the 
matrices 


y | y 

have ranks n and n +1 respectively. The former is found from f,’,’ by 
adjoining the elements of y’ as an (n + 1)th row, while the latter is f,’,’ 
bordered by a row and column as indicated by the notation. Consider the 
linear equations whose coefficients are the rows of the first matrix. From 
the third of equations (6) the unique ratios of the solutions of the first n of 
those equations are the ratios of the elements of y’, which clearly cannot 
satisfy the (nm + 1 )th equation since the elements of y’ are not all zero. Hence 
the matrix is necessarily of rank n. Similarly the first n linear equations of 
the second matrix have solutions with the unique ratios of the n + 1 elements 
y’, 0, and these cannot satisfy the (n + 1)th equation. Hence the second 
matrix is of rank n +1. These properties of the matrices (7) are of service 
in the succeeding pages, but are important also in the determination of the 
character of the solutions of Euler’s equations and in the proof of the The- 
orem 3.7 


* The first two theorems are immediate consequences of equations (4), and they hold 
quite independently of the homogeneity property (1). The proof of the third may be made 
as in Mason and Bliss, The properties of a curve in space which minimizes a definite integral, 
these Transactions, vol. 9 (1908), p. 244. The proof there given shows that £ is 
necessarily of class C’’, but when f is of class C’” the differentiation may be carried one step 
farther at least. 

tSee Mason and Bliss, loc. cit., p. 244. 
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2. THE PROOF OF JACOBI’S CONDITION 


In order to prove the Jacobi condition it will be assumed, as is customary, 
that the matrix f,’,’ is of rank n — 1 at every point of the minimizing arc E ,* 
so that from Theorems 1 and 3 of § 1 the arc E must be a solution of Euler’s 
equations of class C’”’ at least. 

The expression for the second variation I’’(0) is an integral involving 
n, 7’ just as I involves the variables y and y’. Consequently the condition 
that I’’(0) must be positive suggests at once a new problem of the calculus 
of variations associated with the integral (3) in the (nm + 1)-dimensional 
tn-space. If an arc 4(t) can be found which satisfies the conditions (2), 
gives the integral J” (0) its minimum value zero, and which nevertheless does 
not satisfy the necessary condition analogous to that described in Theorem 2, 
then it is clear that J’’(0) cannot always be positive and E cannot be a. 
minimizing arc for the original integral J. 

The Euler differential equations for the new problem in the ty-space are 
the n equations 


(8) J(n) £2) =0. 
They are linear and of the second order in 7, and are called the Jacobi equa- 
tions for the are E of the original problem in the y-space. A normal solution 
of the Jacobi equations is a solution which satisfies identically the relation 
y’ = O along the are E. 

Lema 1. [If a normal solution vanishes with its derivatives ’ at a particular 
value of t, then the elements of n are identically zero. 

For every normal solution satisfies with \ = 0 the n + 1 equations 


9) tyr" =0, nt + = 0, 


the latter of which is found by differentiating the relation y’ » = 0 twice with 
respect to¢. But these equations are linear in the derivatives 7” , \’’ and the 
determinant of the coefficients of these variables is the second of the ex- 
pressions (7), different from zero along E by hypothesis. Hence the equations 
may be put into the normal form by solving for 7’, \’’. From the existence 
theorems for such differential equations it is known that a solution is uniquely 
determined by the initial values of 7, \ and their derivatives at a particular 
point. If these initial values are zero the only solutions corresponding to 
them is clearly 7 = 0, = 0. 


* The condition that fy, is of rank n — 1 is equivalent to the condition f; + 0, where fi 
is the function defined by the author in the paper, The Weierstrass E-function for problems of 
the calculus of variations in space, these Transactions, vol..15 (1914), p. 378. See 
also Bliss, A note on symmetric matrices, Annals of Mathematics, vol. 16 (1914), 
p. 43. 
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THeorEeM 4. If E is a minimizing are as described above, then no normal 
solution u + 0 of its Jacobi equations can exist satisfying the relations 


= =0 
for a value ts between and 
To prove this suppose u (¢) to be a normal solution with elements vanishing 
at ¢; and a value ¢; between ¢, and ¢2, and select a function 7 as follows: 


7 =U for 
=0 for ~Zstst. 


Then 7 (¢) is an admissible variation giving I’’ (0) the value 


I’ (0) = =0. 


1 


For from the relation 
(10) uQ, + u’ Qu’ = 22 


due to the fact that 2 is a homogeneous quadratic form in wu, u’, it follows 
from (8) that 


I’ (0) = uQy’ + dt = 0. 


The curve 7 (¢) cannot, however, minimize J” (0). For at its corner point 
t; the relation 
(11) y"aty =0 


holds because u is a normal solution. The corner conditions 


(ts 0) (ts + 0) 
imply the relations 
(12) — 0) = = 0 


on account of the definition of 7. But the last equations could be satisfied 
only if wu’ were zero at ts, since the matrix of coefficients of the elements of u’ in 
(11) and (12) is exactly the first of the expressions (7), one of whose deter- 
minants is different from zero. By Lemma 3, therefore, the normal sotution u 
would in that case vanish identically, which is contrary to the hypotbesis of 
the theorem. 

DEFINITION. A point 3 conjugate to 1 on E is a point for which there exists 
a normal solution u + 0 of Jacobi’s equations such that u(t,;) = u(ts) = 0. 

The Jacobi condition may now be stated in the form usually given: 

JACOBI’S NECESSARY CONDITION. If E is a minimizing are of class C’ at 
every point of which the matrix f,’,’ is of rank n — 1, then no point 3 conjugate 
to 1 can lie between 1 and 2 on E. 
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3. PROPERTIES OF SOLUTIONS OF JACOBI’S EQUATIONS 
With the help of two fundamental properties of quadratic forms, which 
when applied to Q are expressible by (10) and the equation 
(13) 1Q, + Q, = + Q,,, 


it is possible to deduce a number of important properties of the Jacobi equa- 
tions and their solutions. It is understood that the arguments in the deriva- 
tives of f in the coefficients of these equations are always the values y, y/’ 
belonging to a solution.E of class C’” of Euler’s equations along which the 
matrix f,’,’ is of rank n — 1. 

Lemma 2. The Jacobi equations satisfy the relation 


(14) J(n) =9 


identically in t, and hence are not independent. 
For from the definition of Q 


(15) Q, = 2 (fuy + n’), Qy = 2 (fu'y + fy’y’ n’), 


and with the help of (6), and (5), when n=y,n =y", 


d d 
(16) = 2 = = 2fy, y’ Qy = 2fyn- 


Hence by (8), (13), and (16), 


yJ(n) Qy — Qy 
d , 
= + 7 — Fy Qy 


d d 
= 25 — 2a fun = 0. 


Lemma 3. The Jacobi equations are satisfied identically by the functions 
n = py’, where p is an arbitrarily selected function of t of class C’. 
For from the expressions (15) and equations (6) and (8), 


d 
2, ( py’; py” + p’ y') = 2(pfy + Ph yy’ + fw’ y') 2; 


py ‘+ p y)= 2 (pfy'yy’ + phy'y'y +p fu'v'y’) = 2p = 2of,. 


Lemma 4. To every solution n of the Jacobi equations there corresponds a 
unique normal solution of the form n — py’. 
Every such expression is a solution of the equations, by Lemma 1, and since 
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the equations are linear. It will be a normal solution when p is determined, 
as it is uniquely, by the condition 
y(n py) =y'n-pyy =0. 

Let U and V be matrices with n rows and n — 1 columns, each of the latter 
being a solution of the Jacobi equations, and consider the determinant of 
the 2nth order 

U V 
(17) =| 


where U’ and V’ are the matrices of the derivatives of the elements of U 
and V. 

Lemma 5. The determinant D (t) is either identically zero or else everywhere 
different from zero. In the latter case the solutions U , V are called a fundamental 
system of solutions of the Jacobi equations. 

Every one of the first 2n — 2 columns of D may be made into a normal 
solution by multiplying the (2n — 1)th column by a suitably selected func- 
tion p(t), multiplying the last column by p’ (t) , and adding the two columns 
of elements so formed to the column of solutions in question. Suppose that 
this alteration has been made and that the determinant is zero at a value ¢,. 
Choose multipartite constants a, 8 each with n — 1 elements, and two single 
constants y, 6, satisfying the 2n equations whose coefficients are the rows of 
D(t,). By multiplying the first n of these equations by the elements of 
y' (t,) and adding, it appears that y = 0. Similarly when the 2n equations 
are multiplied by the elements of y’’ (t,), y’ (4) and added, it turns out that 
6=0. Then functions 

U(t)a+V(t)B 
now constitute a normal solution with elements and derivatives vanishing 
att,. Hence they are identically zero, and the same is true of D(t). 

Coro.LLary. A necessary and sufficient condition that 2n — 2 normal solu- 
tions U , V form a fundamental system is that they be linearly independent. 

Lemma 6. If 2n — 2 normal solutions U, V are linearly independent then 
every other normal. solution n is expressible in terms of them in the form 


n(t) = U(t)a+V(t)B. 
For the 2n linear equations expressed by the notation 
[u(ti), (ti)] = D(t)la,B, 4] 


are solvable for the constants a, 8, y, 6, and it can be shown as above that 
y =6=0. The normal solution u(t) — U(t)a — V(t) then vanishes 
with its derivatives at ¢, and hence is identically zero. 
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Lemma 7. If U is a matrix of linearly independent normal solutions with 
elements vanishing at t,, then every other normal solution u(t) with elements 
vanishing at t, is expressible in the form 


u(t) = U(t)a. 


In the first place the determinants of order n — 1 of the matrix U’ cannot 
all vanish at ¢;. Otherwise constants a could be determined satisfying the 
equations U’(t,)a@ = 0, in which case the normal solution U(t)a would 
vanish with its derivatives at ¢; and be identically zero. This would imply 
that the columns of U are not linearly independent. 

The hypotheses that U and wu are composed of normal systems imply the 
identities 

y U=0, y’U+y7 U' =0, yu=0, y’utyw =0, 
where the elements of y’ U, for example, are the sums of the products of the 
elements of y’ by those of a column of U. But at the point ¢, the elements 


of U and u vanish, and the second and fourth of these relations show there- 
fore that the determinant |u’ U’| vanishes. Hence the equations 


u’(t,) — U'(ti)a =0 


can be solved for the constants a, and the normal solution vu — Ua, vanishing 
with its derivatives at ¢,, must be identically zero. 


4. CRITERIA FOR CONJUGATE POINTS 


Let U and V be two matrices of solutions of Jacobi’s equations for the 
arc E, as described in § 3, and denote by 0 (t, ¢,) , the 2n-rowed determinant 


V(t) y(t) 0 
Viti) 0 


THEOREM 5. If O(t, t:) is not identically zero, then its zeros determine the 
points 3 conjugate to 1 on the extremal are E. 

For in the first place let t; be a zero of 0 (t, ¢,) , and suppose the determinant 
altered, in a manner similar to that described in the proof of Lemma 5, so 
that its columns are normal solutions. Then the equations 


U(ts)at+V(ts)B +y'(ts)y = 0, 
=0, 


have solutions not all zero for the 2n constants a,8, 7,65. If the first n equa- 
tions are multiplied by the elements of y’(t;) and added, it follows that 


O(t,t1) = 
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y = 0, since U and V contain only normal solutions; and a similar argument 
shows that the same is true of 6. The n functions 


u= U(t)a+V(t)Bp 


form a normal solution of the Jacobi equations vanishing at ¢, and ¢;, and 
not identically zero since the same is true of 8. Hence ¢; defines a point conju- 
gate tol. 

On the other hand let ¢; define a point conjugate to 1, and let u(t) be the 
normal solution vanishing at t,; and ts as described in the definition of § 2. 
The 2n — 2 columns of U and V are linearly independent since © does not 
vanish identically. Hence, by Lemma 6, the normal solution u(t) is ex- 
pressible in the form 


u(t) = U(t)a+V(t)B 


and it follows readily that 9 has a zero at ¢;. 

TueoreM 6. If the matrix U is such that the determinant D (t, t,) =|Uy’| 
has at t; the rank 1 but ts not identically zero, then the conjugate points to 1 on the 
arc E are determined by the zeros of D(t, t,). 

At the value ¢ = ¢,; every column of D has elements proportional to those of 
y’, since the rank of the determinant is unity. From this property it can 
be readily seen that if the determinant is altered so that the columns of U 
are normal solutions, then all of the elements of U vanish at ¢t,;. Let t; + t; 
be a zero of the determinant. Then there exists a normal solution 


(18) u(t) = U(t)e 


vanishing at ¢; and ¢;, and not identically zero since D does not vanish identi- 
cally. On the other hand, every normal solution with elements vanishing 
at t; is, by Lemma 7, expressible in the form (18), since if the columns of U 
were linearly dependent the determinant D would vanish identically. Hence 
every other point ts where the elements of u(t) all vanish must be a zero of 
the determinant. 

So far no remark has been made relative to the existence of matrices U 
and V satisfying*the hypotheses of the last two theorems. It can be shown, 
however, by an application of the usual existence theorems for differential 
equations to the equations (9), that such matrices do exist. For the equation 
(14) shows that every solution 7, \ of the equations (9) has \’”’ = 0, and hence 
that the functions 7 satisfy the Jacobi equations (8). 

The general solutions of Euler’s equations (5) depend upon 2n — 2 con- 
stants and may be represented in the form 


(19) y = o(t,a,b) 
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where the constants of integration a, b are multipartite numbers with n — 1 
elements. It may be shown in the usual manner that the n functions found 
by differentiating the elements of ¢ with respect to one of the constants of 
integration, form a system of solutions of Jacobi’s equations. The matrices 
U = ¢a, V = > are then of the form required in Theorem 5, provided that 
0 (t, t,) is not identically zero. The existence theorems applied to Euler’s 
equations provide a family of solutions for which this hypothesis is satisfied. 
The family ot extremals through the point 1 has the form 


(20) y = o(t, a) 
and satisfies relations of the form 
= o(t,a). 
Here y; is a symbol for the multipartite number (yi1, yo1, «++, Yn1) Whose 
elements are the codrdinates of the point 1, and ¢; = 7'(a@) is a function of 


the nm — 1 constants a. When the last equations are differentiated for the 
constants of integration, the relations 


0 = Ta + da 


show that the determinant D for the matrix U = ¢, has the rank prescribed 
in Theorem 6. The existence theorems again justify the existence of a family 
(20) for which the determinant D does not vanish identically. 

In the plane the equations (19) have the form 


x= o(t,a,b), y = ¥(t,a,b) 


where now none ot the symbols are multipartite numbers. The determinant 0 
has the form 


g(t) 0 
_ Yo(t) w(t) | 
Ga (tr) gdo(ti) O 
Welt) 0 
which except for sign is the Weierstrassian function* 


O(t,t:) = d1(t) — (t1) (t) 


= — Va; Jo(t) = vids — Geo. 


According to the definition given in § 2 it would seem that there might be 
points conjugate to 1 in every neighborhood of the latter point. That there 
is always a first conjugate point with ¢; > ¢, is a consequence of the following 
theorem: 


with 


* See for example, Bolza, loc. cit., p. 233. 
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THEOREM 7. If the columns of U and V are a fundamental system of solu- 
tions of Jacobi’s equations, then the determinant 0 (t, t,) is expressible in the 


form 


where \(t,,t:) + 0. 
For the determinant 6 may be written in the form 


U(t)-—U(th) V(t)-—V(t) y(t) y(t) -—y'(h) 


U (ti) V (t1) 0 y 


where the elements of the matrix U(t) — U(t,), for example, are simply 
the differences of the elements of U(t) and U(t,). After applying Taylor’s 
formula with the integral form of the remainder term* to the differences in 
the first n rows, dividing these rows each by ¢ — ¢,, and multiplying the 
(2n — 1)th column by the same difference, a factor (t — ¢,)"—' is obtained. 
The remaining factor \(t, t;) reduces to the value of the determinant (17) 
when ¢ = ¢,, with the exception possibly of a change in sign. 


* See for example, Jordan, Cours d’ Analyse, 2d ed., vol. 1, p. 247. 
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